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Riemannian
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Incompleteness Theorems, and applica-
tions.
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Contents: Godel's Life - Godel's Surroundings -
Gaodel's Work (Hilbert's Program, Cantor's
Continuum - Einstein's Universes - Plato's
Shadow)

Time Magazine ranked him among the hundred
most important persons of the twentieth century.
Harvard University made him an honorary doctor
"for the discovery of the most significant mathe-
matical truth of the century”. He is generally vie-
wed as the greatest logician since Aristotle. His
friend Einstein liked to say that he only went to
the institute to have the privilege of walking back
home with Kurt Godel. And John von Neumann,
one of the fathers of the computer, wrote: "Indeed
Godel is absolutely irreplaceable. He is the only
mathematician about whom | dare make this
assertion.”

This book wants to give a simple, intuitive and
easily digestible introduction to Godel's life and
work, meant for readers interested in the human
and cultural aspects of science. Its starting point
were the preparations for an exhibition on Kurt

Visit us at booth # 34 Godel, on occasion of his hundredth birthday. An
at the ICM in Madrid, exhibition has something of a walk, and that's
| . exactly what we want to offer: a walk with Godel.
| - Aug. 22-30, 2006.

Einstein loved such walks. Godel's company can
be enjoyed.
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Table 2. Modeling Surfer Behavior for the Directed Graph in Figure 2
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Direct Methods for Sparse
Linear Systems

Timothy A. Davis

Presents the fundamentals of sparse matrix
algorithms 1o provide the background needed
to efficiently attack problems requiring the
solution ol sparse svstems ol linear equations
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september 2006 5..“ ox. xil + 214 Pages ° J0MCove
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The Lanczos and Conjugate
Gradient Algorithms: From Theory

to Finite Precision Computations
Geérard Meurant It Lancius Sad

Conjugate Gradient
Algorithms

Presents the most comprehensive

discussion 1o date of the use of the Lanczos and
conjugate gradient algorithms for computing
eigenvalues and solving linear svstems in both
exact and floating point arithmetic
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information that is assumed to be available on a
sel of objects
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Understanding and Implementing

the Finite Element Method and Implementing
Mark S. Gockenbach the Finite Element

Essential reading for those interested in Method

Understandin

understanding both the theory and the
implementation of the finite element method for
equilibrium problems.
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Computational Methods
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and Yuanle Ma

Computational Methods
for Multiphase Flows
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introduction 1o the use of
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simulation of fluid flows in porous
media. It is the first book to cover a
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Numerical Solutions of PDEs
Involving Interfaces and
Irregular Domains
Zhilin Li and Kazufumi Ito

Here is an introduction to the

Interface Method
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immersed interface method, a
powerful numerical method for
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domains for which analvtic solutions
are rarelv available
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in the retlected light trom our electric

=

|,i'!'-i<'|]]‘-w [:',ll!';- 1|||:i-.|£| 1-‘1[3(Z-|IIJ||{'\ -Z;I

-.-'-'I'.l"h'\,]l'x OO twisted 1o L_|:_'=~L 1'1|h._' J.|‘r
fore our eves. If 1 had only
and courage to write it all
1
have had many a re
11V 1anie

f downhill travel

'he mathemat

no longer becoming

forward. Rather,
1 AN OMinous L-:i|]|.|‘f|.&'\
for a few hours,

Ccontam my concermn no

We dre not getting closet

center of mathematics, We are
1g farther awav with each step.
L1'¢ » discerning than

would have vou credit for, m

taken us into alge

topology. It appears we will have
ontinue upward for the ume being
every hope that the path will
upon the tun
cohomol

1

coerncients in ]\‘ll_"

sheaves \s we continued., we soon
|'.|.!||.I OuUrselves in ||II._' micksi 1.".|!Ii.' |H'|
ative Hurewicz Isomorphism Theorem
[urning a bend, 1 saw what appeared

be a Leray-Serre spectral sequence
[his was too much for me

L'ncle, I beseech vou. We must turn
back. We cannot go on this way. If |
am not mistaken, we are now deeply
enmeshed in the tield of hi MOLOPY the
orv. If we continue, we will just become
more entangled in this morass and we
shall never tind our wav out

'he protessor turned to me. flashing
his light directly into my eves

\xle, what if Norman Steenrod had
reacted this wav when he first con-
tronted homotopy theory? What il

J. H. C. Whitehead had turned tail and




ing horizontally. soaked us

solute neighborhood retracts? What it of logarithms growing out of the sand Hans

iiLil

run when he came face-to-face with ab-  the beach until we came across a grove

i'l '._l1.||']|"1.'ti o i'-ll‘h_-

Heinz Hopt had buried his head in the  Cutting them down, we lashed them o hand, and tied

sand when he discovered hopticity? cether to construct a raft. Shorth

V. W¢e with horror as

I motioned 1o the iber bundles found ourselves on the Morse Sea. mak LI DIOVISIONS Was

Hills 5 14

hanging from the ceiling and 10 LI g cood nme onge breeze blew he storm continue

out of the tloon Hansel steered with

‘But protesson

roundings. We cannot possibly hop

understand what is going on here

alone anything more complicated
"Axle, at this point, we have
choice. We have come too far to go ld no longer ma

back. Our water supply will not last the hazv clouds tloating

i P 5 &
1ONg enouy O return the way wale 1t gave olt the

hia me. We must continue 1n minated this underworld se

the |]u!u'~~ of hindineg water. Do not be

trichtened by a tew tiber bundles. | am

ertain the path will | | oft soon. and

then begin its descent

We continue
several more

INg more |

ached tor just only be

_L;I.|.l.1'i|'i'l! the VMiorse the

and warned emh

and vigorous sitting inside
| erabbed for the canteen n | had dimensional sphere alwm

finally eiven

looking for mfortable spot to lie
down, the path did level off. And then
1l |H_':_1.ll'| lo descend. | saw an Eilenberg
\"~|lla].':|]i.' ‘w|‘..-'=' '."-Ili"l\'kil.;.k'\] n the

And there w;

coethicients

CONOCOIIL

LILLEChe.
opened up into a hu;

5 5 - . | i B A% " n T | [ o
tar end of which there appeared a bluc

areen luminescence. As we crossed the
"

oad cavern tloor. approachine this

strange light, the stone at our fee
Freprace vith - sand could el nieror of mathet

breeze Ving moist : Perhaps some

TLiLL, 11 o ! Lls] 1€S Are passing tnro

behind me. until rthe OPE the earth. inconsistencies

d miraculous ont. | } 1% Eflkl"”"""-‘."l A0

I\_.\. |||_". . 4 I_.'
derworld ocean extending to a broad ( adjustments to
|

norZ2on Wds nol sure

“What co : | asked. as the
three of us stood awestruck on the think ol
sandy beach, waves lapping at our toes . an inanimate object

“It is Morse Theory,” replied the pro-  than a living breathing creature tl
fessor. having stomach trouble.

‘Thank God for it, whatever it is,” | ['he howl of the wind picked up. and
said, as I ftell down on the sand and myv uncle’s turther words were lost in
submerged my head in the water, drink-  the tumult that descended upon us. Oun
ing ereedily tiny craft was tossed on towering waves

After replenishing ourselves and rest-  as we clung to the mast. The tempera

ing by the shore, we wandered along ture dropped by 30 degrees. Rain, fly
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about this mecha sis was written with the armed forces
 Knew any as audience, in wartime when eftort was

| a lot of PEO meant to give concrete results. and by

amne I!|1||| JdIl CAUCT TOSCATN i'|1'| He :“"1”’=|'H_':‘|-..i:,ﬂ

Certain systems [or ¢ase OF use as a "psy

chological advantage.” He could imag

Whitney’'s Aﬂi’:‘ll)“SiS ine the bomber vividly: “We remark, fi-
control system ch depend nally. that an important consideration in
assessing a tracking mechanism is the

mental effort it requires on the part ol

the operator. He mav have other mat

lers 1o attend to at the same time, such
as ranging and pressing a tngger. In the
ol combat., one cannot expect a

ner to go through mental gymnas-
'he analvsis Whitnevy made was
presented in general terms, incorporat
of a general fire

were usetul. The ba

gun direction
Ty, handlebar position
i = time of tlight setting
tollows that the lead Kinematic an
A=y and so our

W hitney

difterential equations be

uantities and u, with
li only.” For

quia

nirerental equanon govern

et T 1 : SR F
Kinemalt s derived

1111

the unknown
smoothed version of th
n uo . Thev arise elsewhere, in ele

trical applications such as a resistance-
capacitance circuit. The etfect of
smoothing is to take jerks in direction
and exponentially dampen their eftect
on the system. Whitney massaged the
various classes of equations in a rather
technical chapter leading to an analy-
sis of tracking gun error, the difference
between the ideal direction and the
computed direction of the gun at fir-
ing. He ended with, "A general con-

Such practical concerns were part of  clusion that may be drawn is that any

the fabric of Whitney's report. Hisanaly-  change in a turret mechanism designed




to callou _,ﬂ'éf.hh';' [rrret motions, 1hus in-

*l E . ! ! I
proving Iracring, cotld  ecasih give

worse gun positions.” (Whitney's em

phasis. )

Inyokern, California:

Meeting of the Advisory Panel,
July 18-20, 1945

Whitney brought his analvsis, written
up in various reports that eventually led
AMP Note No. 21,

atation

to his monograph
to the Naval Ordnance
(NOTS) about a

'est
month betore the end
of the war. In a diary of the visit that
he kept tor the leadership of AMP [6].
he noted his surprise, on arrival, to tind
that the working meeting he expected
with top members of the Advisory Panel

to research and development at NOTS

had turned into a school to study the
In fire control svstems

He

‘Being somewhat per-

present situation

and their assessment CXPresse

his impatience

turbed at the program, and vet not be-
Ill

( '-']”]"h"“'li.'kl by such

ing at all sure what could be ac

a large group ol
people with various degrees of special-
HW did
the conference accomplish something

HW did not feel himselt

d posiiion o

1zation some lobbving to make

. . . HOwever

take matters into his

1n

hands to anv great extent. did not have

much experience (it any) in this kind
= TR
|

ol situation, wis generally lazy and

A TG

shyv about talking too much.”

Whitnev he -;‘H;u.| the meeting would

produce a recommendation for an in-

. , :
terim rocket sight. Although a schedule

¥

1 i s 1 . . -
Of talks had been i.li1]| Out 1IN ..tkl"-.l.-.'.k

o the schedule,

Whitnev was added
i Ip the

]

3 ] | . ]
giving a talk, "designed to he

members and spectators (thirty or more
in all) fit the various sights into a pat
tern based on a simple analytical the-

vl

O | he tour sights Deing tested at

NOTS
strated as part of the meeting. Although
Whitney
“cull™

Havward

were presented and demon-

assessment  was  the goal

found the talks on assessment

talk which Comdi

1he

in
ranked the sights began the “tireworks.

By the alternoon of the 20th, recom

mendations were drawn up based on

the experience of pilots, not the Kind

of analvsis Whitnev provided. He took

1 * 1
" { -
into his own hands and gol

the matter
I ¢ ] ) !
smaller group together that evening

For this group, he took two sights thai

had been rated earlier as 2 and 3 in the

list and. atter analvzine them “trom all

sueeested that their teatures b

=

angles,

combined. To Whitnev's surprise. the

ranking commanders decided “at once’

that |_|||H ul"i!kl'i ]H_‘ ;;?'.'ii‘:‘l_'.l

the interim si

system. His eftorts to ground the dis

cussion, and his willingness to do some
cial n averine . like calline special
SOCLEH NEINCUVCTINEG, HIKRC CALINg SPodildl

meetngs, 2ol an unexpected result

Summary

Whitneyv cannot have swaved a panel

1
.

! I
with purely technical arguments. His at-

tention to detail in his report. his diary

[ 5 | W 11
and the descriptions by others of his in

1
L

olvement give commit

d P ture ol

'.;\-.LI coninputor 1o {[i,lg wWar erort. some

one willing to do what was necessan

o make. in this case. improvements in

{ II "
weapon svstems and bring the wai
a4 close. Other work on sights was also

successtul, Warren Weavel reported 1n

his autobiography that French flie
were particularly happy with a sight tor
submarine bombing that was a product
of analysis and development by OSRD.
In this study, we oetl a sense ol the kind
A\merican mathema

cians engaged in during World War 11,

both mathematical and social

of activities that

presents dn interesting case

personal depth in pursuit of goals. This

was probably typical.

"l,"'.l_[: L

butions, receiving the Naval Ordnance
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VU EITUGEI GBI NGt ILInELISE Michael Kleber and Ravi Vakil. Editors

2 The Dancing EIf Puzzl the larger the number, the smaller th
DanCI ng You kni "\‘-llnih se | I"-Hl-l'ﬁ J.e patterns in arcleneth. This can be explained in part

! el

suntlower spirals? Do vou have any idea w the tact that rotating the entire pig

E |VeS and where they come from? So far, [ haven't  ture by an angle of 3607° causes all th
been able o tind anvone who can ex step numbers to advance by one, a key

plain them to me, and it seems like the  simplilying step in solving the |

I . 1iN ¥ - A .".-'I '.,‘. i'|
a I lower S SOTT Of [iiI[I__l ViOLl !|-|:_-_r|ti‘. Know For the moment. we dele Ii.g-\ sOlution

I had been asking some version of he puzzle has  well-established
V- f this question whenever it occurred to  botanical connections (see, for exam
IeW 0 me for a vear or so. At the time. the ple, [8]). In anv sunflower’s center
- / dark ages ol the 1990s. betore even clockwise and counterclockwise spirals
EUCI Id S thing was two clicks awav on the In are discernible in the arrangement ol
ternet. 1 was intent on learning why  seeds, and the numbers of spirals i
= !.!!'-“\i' CLITTOLS |1.'.5]L'III"~ i\'\i‘-'i I'iii Wis %."-.il~=i:!l'n"l-|'!.i'l.' ||!' .;i'.'-..!"-.H--'il
A|gor Ithm haa ing no luck trac |\1E’._!_" down sources secutive Fibonacol numbers, In tact, it
on the t '|1i|. \s | SUSPe ted. biologists was the act of sitting down with a sun
SusaN GOLDSTINE and mathematicians had long since ex Hower photograph  (Figure 3) and
|‘.':II|1'L| the Fibonacci ]1||t'r|u:!u'1|-'|5 | counting 55 spirals going one way and
just couldn’t find the explanations. Be- 89 going the other that sparked my on
cause | had more pressing research, 1 going fascination with the origin of th
was hoping that one of my friends had  patterns. Might the ell’s dance suggest
done the work tor me a4 mechanism for suntlower growth that
On one occasion, | was questioning  would produce Fibonacci families of
Ihis column is a place for those bits Ravi Vakil, who replied, “I a.}';:'.:n vou  spirals?
of contagious mathematics that travel should ask that. I just heard this puzzle
from person to person in the 'll":[ suggests a partial answer. Let me SIEEd Patterns
show vou The arrangement of the seeds 1
-‘.TJ.‘IHIHIH{{]'. hecctse ”it'll' are so rhe 1”_14‘!'\_1”. known as “The Dan center of a tlower is one of many botar
elegant, suprising, or appealing thal ing Elf Puzzle,” was first posed by Greg  ical structures, including leaves around
one bas an wurge to pass them on. Kuperberg in 10l and goes as follows L stem and scales in a pinecone. d
'here 1s a circle of circumterence 1. An scribed by phvllotaxis term derivi
Contributions are most welcome. B b i et bevs sl S U e e 5
Ell 15 AAncing drounc LIe CIrcig T P (M1 11t HNYLIISEIC |
Ing clockwise “-|L_"i1“- Of Ar :n'||:_1l|| T drraneement 11t Lniving _;i.r-_'-._!i:
where 7= 0.61803 is the golden principle is that in all three settings, the
section, which satisfies the equation leaves or seeds or scales emerge ra
T+ | (see Figure 1), If vou num allv trom the center of the plan \(]
ber the ell's steps in chronological o the angle between conse ve botan
der. stopping whenever you or the el cal elements is constant. In  lea
gets tired, you will observe that the dit wround a stalk, the particular phyvllotaxis
ferences between consecutive step num arrangement is commonly described in
bers are all Fibonacci numbers. Several  terms ol leaves per turn. For instance, a
possible stopping points are illustrated  plant that exhibit led n 2 wrns
1n ] 12LIre _1 ”It' ]‘Hlf,«’!{_' 1:'1|mq'*- I|'|c' CJues |'!_I“~ | ‘.'-;I‘-. '| axis anale of 1447 between
tions: is this alwavs the case no matter  successive leaves. which is 25 ol the
where the elf stops, and if so, why? circle. In this article, I will describe this
For a collection of related Fibonacci in terms of the phyllotaxis ratio 25

themed puzzles, the interested reader

Please send all submissions to the may peruse 19 D 1471

Mathematical Entertainments Editor,

¥

In the Figure 2 diagrams, vou will
; Ravi Vakil, Stanford University, notice that the physica

SDACEe Detween

Department of Mathematics, Bldg. 380, SlEpPs COrresp nds to the ditterence be : | _
Stanford, CA 94305-2125, USA tween the step numbers. Each Fibonacci ¢ '

e-mail: vakil@math.stanford.edu number has a matching arclength, and  Figure |. The golden section
: . b4 .




Figure 2.

by radial dis

Fhis

ach seed part of a
¢. In Figure 4, the

h contains the
pattern on a smaller scale

ire numbered in order ot growth. The
daisy has approximately 112 seeds,
whereas the suntlower in Figure 3 has
xl_'.“=‘|1l'|'\ll’.l.l|.u_'l‘_'» 1500, In the (Op image,

the family of 21 ‘wj“l!l.:l-« 1S E..i_';!'::;ij_']1lL'1.|.

Why on earth would a
stnflower, daisy, or
pirecone !".JJ'L_'J."L’I' (l

.n"l!ri' ]'Hll Wl XIS redlio o ".". (B

the Fibonacct  and in the middle image, the tamily of
neiehboring 13 spirals is highlighted. However, as

- elt’s steps, will  the seeds get closer to the center, their
total number  radial separation increases. This ac-

ils
|

he seeds counts tor the fact that inside the blue

the center circles, seeds that are 21 or 13 apart no

longer touch. The seeds in the bottom

image have been colored according to

parity: the even seeds are dark green

and the odd seeds are light green. In

the tringe outside the blue circle, seeds

that are 34 Apart touc h. Were the daisy
|

AUTHOR

a bit larger, this proximity would pro-

luce a 34-spiral family that would over-

(
shadow the 13-spiral tamily. Inside the
blue circle is a clearly visible family ol
8 spirals

his still leaves a gap in this inter-
pretation of the Fibonacci phenome-
non. Why on earth would a sunflower.
daisy. or pinecone prefer a phyllotaxis
ratio of 77 While the rest of this article
will give a hint of an explanation. this

gap has been eloquently bridged else-




where, and 1 direct the interested reader 'he geometric Euclid's Algorithm  feasible. With most constructio
to |7] tor a thorough exposition. In fact, (Figure 5), also known as antenaresis, ing in the range between tl
although the ratio 7 is predominant, it takes as inputs two segments, whose reach of the compass :

is not universal, and there are plants  lengths we call @ and b. The first step

" g libit ifd W e I . ¢ A

that exhibit ditterent phyllotaxis ratios Of the .I|_‘—hl11l]i‘.|: SsNown on the second

and hence non-Fibonacci spirals. For  segment in Figure 5, is to use a com

some lovely photographs of plants with ~ pass to lay off segments of length b on

vartous phvillotaxis ratios, see |1

l|1 - TN QSR S, P,
Iree vea d1er 1 stumbilea

onto the dancing ]'-';";"El' another

!.‘hl" exiremes of scaling

mathemancal connection |'llt"~L':'.‘if..'L| 1 Y " T L
hett occur in Euclid s
. ha ks . % LAl -
selt out of the blue. T was makine dia ; il g -
Al i Vooritbm go beyond

i ? 11 Iy, 5 E [ —__ . 4
arams lor a talk about |‘|||1.||-. taxis and the bele
-; L [T

suntlowers when the ]“IL':!H'H | was

. e 1 A ars ki ] : |
t_ll,l‘x\]'.._',_, suddenty stiruck me as eeris

| ]

tamiliar. 1 had seen this process beftore,
and when 1 had. it had
with flowers or Fibonac had to d no longer do so
with Euclid evenly into segment

we are left with a 1inder segme
Euclid’s Algorithm length 1. At each succeeding st
Nowadavs. Fuchid's Aleorithm is usualls we lay oft copies of the remainder
‘~|I""-"~|'| 1IN numeric form. As 1s the case ment from the previous “~'!-;'§"-
with much of Euchd's Elements, the viding segment from th
original algorithm is geometrically pre A drawback ot the geometri

i
(|

sented. rithm i1s that it is usually ]"||\ sically

Figure 3. Sunflower. Photograph by Donna D'fini. © Copyright 2006 Donna D'fini. Printed with permission




"I

Figure 4. The seeds of a daisy. Photography by Marian Goldstine. © Copyright 2006

Marian Goldstine., Modihied and printed with permission

[heretore, in our example, the al
gorithm will terminate with a sixth and
final remainder segment of length m,
where a = 360m and b= 157m. In
light of the Pythagoreans’ shocking dis-
covery that not all numbers are ratio-
nal, it is also possible for antenaresis
not to terminate

In the general scenario, if the algo-
rithm terminates, then the smallest seg
ment we construct will be the largest

seagment that measires both ot the in-

the
largest length into which both @ and b

put segments, i.e., a segment of
can be divided evenly. This is Proposi-
tion 3 of Book X of Euclid's Elements.
On the other hand, if the algorithm does
not terminate. then there is no segment
that commonly measures segments of
length a and b, and thus the original
mcommensurable. This

statement is Proposition 2 of Book X.

segments are

[he first reference in the Elements to

Fuclid's Algorithm occurs in the first of

the three number theory books, Book
VII, where Propositions 1 and 2 state
that the output of the algorithm is the
greatest common divisor of the inputs.
However, even here the algorithm is de-
scribed in terms of repeated subtraction
of segments, all of which are integer
multiples of a fixed unit.

An alternative form of Euclid’'s Algo-
rithm for numbers allows for the non-
terminating form ot the algorithm. For
the integer calculation in Equations 1,
we obtain the second numeric algo-
rithm by dividing each line by the di-
visor for that line. The initial input is
now the improper fraction 360,157, and
the first step is to write this as its inte-
ger part plus a remainder between 0
and 1. Each new equation begins with
the reciprocal of the remainder from the
previous step.

This form of Euclid’s Algorithm has
two major benetits. First. we no longer
need to begin with a rational number,
and it is not hard to see that the algo-
rithm will terminate it and only if the
initial input is rational. Second, this
form of the algorithm allows us to com-
pute a continued fraction expansion of
the initial For the

value. example

above. we obtain

[n the interests of space, we adopt the

common convention (as in [4]) of de-




Figure 5. The geometric Euclid's Algorithm.
noting this continued fraction by ¢ =1 4 [ = [1:1.1.1 1
2:3,2,2.2,1,2]. It we begin with an irra- | + l
tional number., we obtain an infinite I 4 1

continued fraction expansion
A neat thing happens when we ap-
ply Euc

id's Algorithm to the golden ra-

tion ¢. the number that satisfies ¢ Naturally, this continued fraction satis-

| + 1/é. This equation is the first line

fies the equation x= 1+ 1/x,

of Euclid's J];411T51]H1]. and since ¢ is the |J]gi;1Li the TL'ki[1riJl1I| and addineg 1

[L'i"l|‘r['t Jt'Lll Oof |1 c,-'J_ it1s .llm 1]11" ‘w‘a.'u]h].

vields the self-same continued fraction.

line, the third line, and so on. Conse- Because the two solutions of x= 1 4
the continued fraction expan-  1/x are ¢ and —7, we can see directly

sion of & is

quently,

that this continued traction must be o.

d
r
b
o

- I r

—\
Y

D
o

r F

Figure 6. The circular Euclid's Algorithm.

since

Furthermore, because dividing the
defining equation for ¢ by ¢ gives the
formula 1 = 1/'d+ (1/d)-.

r=—=¢-1

I3 I -
& | |

1s the continued fraction expansion for

the golden section.

Elves and Euclid’'s Algorithm

Let us now return to a broader form of
the dancing elf puzzle. Instead of a cir-
cle of circumference 1 and clockwise
steps of arclength 7, consider the gen-
eral scenario of a circle of circumfer-
ence d and clockwise steps ol .H't'[t'l];ﬂ!l
h. This dance ki*[[L“ﬂﬁ(JﬂLlh 1o the se-
quence of angles produced by phyl-
lotaxis with a phyllotaxis ratio of ba.
Figure 6 shows several stages of the

dance in which a' b= 360,157

Eventually, the elf will
wind up closer to step 0
“r:'fl"” [1.

\lﬂn'nwmwrkt!u-vh|43~-dt.ﬂxn-d
length H on the full circle of length a
LHHH[“V&M1chrmﬁlu|ﬁﬁHLHHHuF“ﬁH1
than b, Let us call this step number
5 and the length of the remaining arc
1. In Figure 6a, we reach this stage at
% 2

Look closely at this last step. The ell
arrived here by starting at O and taking

51 clockwise steps of arclength b. For

conceptual convenience, we will call
d consecutive string of 5; steps a 1-ig
Performing a 1-jig starting at step 0

[‘:Lla ¢S I||L' t'” I i'r-'HiH{'l'L'fHL Ritise Irom

step 0. By the same token, step S + 1

is a 1-jig from step 1, landing the elf n
counterclockwise from step 1 and the

|

following step lands him r counter-
clockwise trom step 2, and so forth. In
fact, from this point on, the elf is laving
ott arcs of length r counterclockwise on
JH]MV.HI%tﬂ]UH:HH“.\hHUlHrith.
the elf cvcles around the arcs of length
b in the order he

originally stepped

them, laying off a turther counterclock-
wise . on each pass. Furthermore, the
endpoints of each arc of length » are a
l-jig apart, and so the difference be-
tween the step numbers is always §;.
Eventually, the elt

will wind up

closer to step 0 than n

at which point




he will be standing at an arclength ol

| | - 'l 1 %% BTy 5 1 :
ry clockuwise from step 0. Let us call this

new step 5y, and

d siring of 5 Consey

utive steps a 2-jig. This is the beginning

of the tinal PSS I|II¢H1_:_'\|] the arcs ol

length 6. When this final pass is com
|"|t".a'_ Lthe

CITOIC W || |'3'L' & '1I':!;"'Irk'|k'!:"-. i

vided into arcs of lengths r and r, as

shown in Figure Ob. At this stage, we
call the circle ri-saturated, just as in Fig
ure Oa, the circle is b-saturated
By now, we can see what the elt is
an iterated
of Euclid’'s Algorithm!

'he elt will now lav oft arcs of

reallv doing. The dance is

circular

1 iy 1)
VTS0

leneth

o clockwise on all

the arcs of lenegth

ri. until at last he 1s standing r

jerciocruCise 1rom step O al Hr-&'|‘ 3

firsi

will complete his
[hercalted

| |I1 PR

(Fieure 0OC)

the entire circle into

length » and ry. the circle is

rated. and the division of »»

i %
I..h,

L,
=gy

| l |
Figure 0d shows the steps ol the

157 3060 elt dance numbered in chrono

logical order. In this case, while the dif

lerences  between  consecutive sLep

numpers arg 110 |I|"l-‘ILIxI.1 numobers,

thev are all either S or 5 | (

¥

NnUMDEr of steps 1 Z-pgs and 5-1gs

SECC Why 1hest }-.II'_-... A NTUIMDErs aArisc

and tor that martter, why the Fibonacci

numbers arise in the A s we
od |IIHl_'I 1OOK k|:|'|'l|.['|‘|gl-._| Iractions

Convergents

Euclid's Aleorithm allows us to write

any real number ¥y as a continued frac
HON [ Gy Cy o I, where the terms
Cp are the integer parts extracted in Eu-
\lgorithm. as in
When vy i1s

unued

chid’'s Equations

14 ratonal number. the con

ICT1OnN 15 a4 hinte-lenatl

| -:."x]‘-l'i_'H
sion ending at some denominator ¢,
From this expansion, we can extract a
sequence of close rational approxima
Lions ol v, the convergenits ol y. w hich

are the truncated continued fractions

1 Coi €

We "-.‘-.IH I.It.'r".l e [E‘.i”"k‘
P/Qy, P

P/ O 1s the convergent that ends with

convergents as

and so ftorth. where

-

o !
I'he launching point for the study ol
continued fractions is |||L; exisience ol

recursive formulas tor P, and O,

e A .
-

It 18

clear he detinitions that P

Irom 1

and O . To get the

= !

recurrence
| and Q, = 0. With

all of the numera-

started. we set P,
these initial values,
tors and denominators of the conver-

are detined by the recur-

P, and
f)‘ 1 Crl M

A | el

(see for instance [4. p. 4D

From [|]t' L'L'-H[H]lh.'kl Iractiions we

computed above, we get the tollowing

data: for 360 15

| 5

Ih‘:

It's hard not to notice that all of the en

the tinal table are Fibonacci

irics 1in

numbers SNce ¢ | TO1 LiH J" li'lL' 1Ll
merators and denominators ot the con

/

vergents ol @ satisty the Fibonacci re

CLITTCIICC

Indeed, the standard Fibonacci fact that
the ratios Fpey Fp of consecutive Fi
bonacci numbers converge to ¢ is a
special case of the general result that
for any

Pu/ O,

—

irrational y. the convergents
OI ¥y converge (O y as L goces 1o
<. If ¥ is rational, then the tinal con-
vergent to y will naturally be vy itsell
'O see the connection between the
P's and 's and the elf's circular dance,
we simply need to ask the right ques

nons

How mam SICPS dare there
a':'-Ilg
| nswer P
By definition, a 1-jig consists of ¢
The tirst

P steps 2-jig 1s completed

when the elt is » clockwise from step

0. a feat accomplished by performing

one step (a O-ig, if you like) to land b

clockwise from step O and then per-

forming ¢; l-jigs 1o move r; counter-

clockwise ¢; umes. Theretore. the total

number of steps ina 2-jigis 1 + ¢ P, =
Py + P, = P

'he rest tollows by

k= 2, the elf reaches the first rp., ar

induction. For

Figure 7. Combining jigs

by performing a (£ — 1)-jig to land rp—
from step 0 and then pertorming ¢, &
jigs to divide -, by ., as in Figure 7
I'he total number of steps in this (k& + 1)-

jigis Py + ol = Ppsy by Equations 4.

Question 2 How many times does the
elf wind around the circle in a kjig?
Inswer Rounding to the nearest full
CIrcuit, g

[0 be more precise, the total arc
length travelled by the elt in a kjig is
Ouad + (— 1%, Once again, this follows

from induction, using the fact that
bt

Since a 1-jig is »y short of a full circuit,
the total arclength for a 1-ig is ¢ja —
i = Oya — 1. Subsequently, if we con
sider one step a 0-jig, a (R + 1)-jig con-

a (k

described above, So it we set 1, = btor

sists of | )-jig plus ¢ k-jigs, as
convenience, the total arclength for a
(R + 1)-jig is

+ ci O+ (=11

(v + CeER@ = {—1)" 11— i)

= Qpr1a + (=¥t 1p

We can make two further observa-
tions based on the answers above. The
first concerns r-saturation. The circle
1s r-saturated when it is divided into

arcs all of length », or n,

1. which oc-
curs at the moment that the elf com-
pletes the division of all the r,— arcs.
There will be a single r,4, remainder
arc for each of the original r,— arcs for
a total ot P, arcs of length 7. Mean-
while, there will be P— remainder arcs
of length ry, left over trom the 7 -sat-
uration stage, plus a turther c¢pPp arcs
of length r, from the divisions of 1.
tor a total of Py + culPp = Ppyy

ol length . This gives us a nice de-

dI'CSs

scription of re-saturation and derives

the tormula
8= Pl T Fipleey.




These saturation patterns can be ob-
served in the example of Figure 6. In
Figure 6a, there are 2 arcs of length b
and 1 arc of length n: in Figure 6b,
there are 7 arcs of length »n and 2 arcs
of length r: and in Figure 6c¢, there are
16 arcs of length » and 7 arcs of length
rs.

The second observation is that we
one of the fundamental

can derive

["['HPL'I'”L"\ O convergents from the
properties of the elt dance. We know
that at step P, the elf is r from step 0.
and furthermore that this is closer than
the elf has been to his starting point on
any earlier step. Converselv, the Euclid's-
Algorithm structure of the dance tells us
that any step that brings the elf closer
o step U than ever betore is some P
Now, the distance between step U and

step 1 1s

min b — me
since each step has length b and the
We
conclude that Pb — Qa is the minimal

circumference ot the circle is a

for m and n non
P if and
only it P= P, and Q= Q, for some
k=1

To recast this in terms of conver-

value ot nb — ma

negative integers with 0 < n =

gents, let # be the phyllotaxis ratio b a.
Since the convergents to a/' b are P/ Oy
for = 1. the convergents to 6= b a
will be Qu/ P for k= 0. (Since 0 <1,
its first convergent is 0 = Q,/ F,.) There-
tore, dividing Pb — Qa and nb— ma
by a . we find that P8 — Q is the min-
forO0< n=P~P

if and only it Q' P is a convergent of 6

imum value of 176 — m

The Puzzle Resolved

Now we see the IL’,L'HL'TJ! patiern for step
differences in eltf dances. When the cir-
cle is rsaturated, there will be exactly
two step ditterences, P and Ppy, since
any adjacent steps on the circle are ei-
ther a kjig or a (£+ 1)-ig apart. As a
consequence, a simulated flower head
arown with a phyllotaxis ratio of 6 will
exhibit families of spirals corresponding
to the denominators of the convergents
of A. In the most common case of ra-
tio 7, this vields the tamed Fibonacci
spirals. The recent article [7], which de-
rives these spiral patterns directly from
the properties of convergents, features

f Hlowers with

spectacular diagrams

phyllotaxis ratios of \

)
)

and T,

We also have an explanation for why
the families of spirals in either direction
in a sunflower come in consecutive Fi-
bonacci numbers. In terms of the near-
est seed, since the new remainder seg-
ments alternate between clockwise and
counterclockwise from step O, seeds F
and F. ] drc alwavs on uppﬂ*«ilt' sides
of seed 0.

There is a crucial final piece to the
original dancing elf puzzle. In the puz-
zle, the elf gets to stop whenever he
likes, whether or not the circle is satu-

rated. In the =dance snapshots in Fig-

I'bere is a crucial final
piece to the original
dancing elf puzzle.

ure 2, only the third image shows the
circle in a saturated position. The rea
son that the Fibonacci pattern holds in
all intermediate positions is that since

¢ = 1 tor all &, every single step the elf
takes completes one line of the geo-
metric Euclid’s Algorithm, and so the ell
never produces any arcs that are not in
the sequence of remainders. In fact,
from the relation 1 = 7+ 7 and the re-
sulting relations 7" = 7" + ¥"7¢, we
see that all of the arcs in the 7 dance
have length a power of 7, and we can
derive that each arc of length 7" corre
a“‘u :I[]L_l"w 1O i |"H"JH[];I.'. Cl 1_:|!T.h'['1.'|'1|. ¢ Ol f

On the other hand, with a phyllotaxis
ratio of 157/ 360, where most of the ¢;'s
are greater than 1, there will be inter-
mediate stages containing arcs that have
not been tully divided. Such an inter
mediate stage is shown in Figure 8, an

unsaturated stage which contains three

Figure 8. Why is different from 7

S h

arcs ot length n + » with a step dif-
ference of 9
That ¢, = 1 for

to why 7

all B is also the key
makes an outstanding phyl-
lotaxis ratio, The tundamental goal of
phyllotaxis is uniform scattering, which
keeps leaves from stealing each other's

sunlight and packs seeds into stable

seed heads. If the goal is to take ex-
actly n seeds and uniformly distribute
them around the circle. then the ideal
arrangement is to place them exactly
l/n of the circle apart, which can be
achieved by a rational phyllotaxis ratio
of the form m/n. However. as soon as
more than n seeds are 11&']"“*\11&'&';. Nnew
seed angles coincide with old seed an-
gles, which is as poor a scatter pattern

as possible.

| [hus equal spacing be

tween seeds is impractical, and rational
phyllotaxis ratios are less than ideal.
With an irrational phvllotaxis ratio,
we will never have the circle divided
into equal arcs. The best we can hope
for is that the largest arc and the small-
est arc are as close in size as possible

In an unsaturated contiguration, these

arcs will have the torm r, and .
r'k'apm,[m.-h SInee

r Col y (Cy L),
to maximize the ratio rp. /1,1, thereby

keeping the remainders’ arcs as close
in length to each other as possible, we
SeL Ci | 8] \lll K

Flowers and Euclid’s Algorithm

| of this mean that flowers

() |,|q WS

a
know Euclid's Algorithm?

In a word, no.

I'he fact is that flowers don’t grow the
way elves dance. The mechanism in the
center of a sunflower does not perform
the algorithm: eject seed. turn 3607°, re-
pect. In biological terms, it’s not that the
Hower selects a phyllotaxis ratio of 7 in
order to grow properly. It's that the
flower grows properly and this causes
the phvllotaxis ratio to rapidly lock into
r. There is a lot of wonderful science
and mathematics in this process that is
still under active investigation. To read
| )

more about it, see [2] and [3]. The latter

describes a fascinating experiment in
which phyllotactic patterns are induced
on droplets of terrofluids using magnetic
a video of this ex-

fields. You can see

periment through the Gallery link at [1],

The conclusion is that while elves may




view Euclid's Algorithm as a deliberate  to John Conwav tor his botanical insights  [2] John Horton Conway and Richard K. Guy,

P
AL

| ~r
LN

process, flowers are gradually trained  and flower-numbering tips. Greg Kuper-

nto the algorithm ]‘\!'I.H'!,I] torces bere was kind enoueh to .;\]'ILLm the

For that matter. some rtlowers ar ur'|-_-"|:‘:‘i] context ol the ;‘ll.”/|l.' 1o me and

1.4 1k . 1 . | = | e 4 1 = 1 1 i ]
less reliable than others. My primary €x-  thereby increase my understanding of the

PErence 1s with suntlowers, which ar l-*|‘~m’- aeical connections in (0], T am also

quite faithful in producing Fibonacc

arateful to Marian Goldstine and Donna
pirals. However, in scouting daisv pho IRERLCT :
spirals. However, in scouting daisy | D'Fini for allowing me to use their flower

3

tographs tor Plate 2. 1 tound that a sub

photographs, to Michael Kleber, Marjorie

senechal, and Tonathan Goldstine  tor

stantial percentage of the photographs

| ‘*[le!ik O were O daisies 1In w hich One ; :
: _ meticulous prootreading. 1o Ron Knott
(1 B i families Ol '\-,:‘-i."__llw wWere nol ]! ’ : : ;
e tor his online compendium of all things
bonacci, or in which a fe spirals i . ey
: : Fibonacci 5] and the many valuable re

merged i midstream. muddving : .
sources | have tound there. and to all my

[ : lext I
, colleagues, triends. and relatives who
POt that On m 1141 ONE OCCdSIO

-
count. Moreover. | am dismaved to re

1 | : e i o4 1 |
har : { . - ) et o Nnave sufiered and supported my obses
LLAVE SPOLLEA = PInNCAppic e

! Pl

R I Y4 s 1 i [ <101 WiLh sunflowers and pinecones ovels
PPETTTATN R 1 () 1Y i
s a e e the vears
|L‘|'H||L"~ L) ! CLIINIn:] 11
A\nd to Dan Shapiro
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showinge

“Ever notice that the number of legs on an animal is always

a number from the sequence [0, 2, 4, 6, 8,...) 7"

Contributed by Judy Holdener, Kenyon College




My Lunch
with Arnold

GABOR DomoKos

n Hungarv I teach Civil Engineering. 1 lean more toward [im's conjecture was
the mathematical side of the subject than t
buildings. Just after the political changes swept over |
countrv in the late 1980s 1 got a Fulbright Fellowship to visit
\merica, 1o an engineering department known to have peo

ple with mathematical taste like mine. 1 had a good vear can put a big wei

wrilting papers with various American prof

I 500

rs. One ol sharp ends. so
them was Andy Ruina, with whom [ became friends and upright. like
had an inftinite number of conversations on not a lidn't alloy
nmany topics. une recurrent theme
Papadopoulos. a guy with academic taste but not an
emic job. Through Andy, I came to respect the unseen Jim,
One dav Andy told me that Jim had a simple conjecture
but was too busy with his dav job. designing machines to

refill laser toner cartridges. to work on trving to prove it

lim offered throueh Andv. as a eift of sorts. that 1 could
| I
.

I'--""-'.rl'\ ()] LIk II;'L'I

Jim imagined drawing a closed curve on a thick piece
of plyvwood convex curve, meaning that it had no in could alwavs tind a
dented '!"i.ik'L'“ NOW Cut .-.|nr'|; that line with 2 HESAW and where it would sit
balance the plywood piece, on edge. on a flat table. Gen- this. and ton
tlv keep it on edge so it doesn't fall flat on the table. In ple: a shape
mathematical lancuage. think of this as a two-dimensional
(2D) problem. This plywood is stable only in certain posi
tions. For example a square piece of plywood is stable on other er

all tour edges. In the positions where one diagonal or the table with its lo

other is vertical, the plywood is in equilibrium, but it is an one stable eq

-

unstable equilibrium. A tinv push and it will tall towards stopped thinkin;
lving on one of the edges. An ellipse is in stable equilib- |

rium when horizontal and resting on one of the two flat- i
ter parts. And the same ellipse is in unstable equilibrium aress

when balanced on either end. like an upright egg. Jim con- [his was

jectured that no matter what convex shape vou draw and over 2000 people

cut out, it has at least two orientations where it is stable country 1 needed. applied tor,
The ellipse has two such positions, a triangle has three (the money so [ could attend

three flat edges), a square has four, a regular polygon has lel sessions: at an

|

as many stable L-|.|11!I|'i11'||_|1:.1 positions as it has edees, And over 40 ditferent talks |

o |

a circle is a degenerate special case that is in equilibrium on something I thought was prol

= 11

in every orientation (none of which is stable or unstable) was put in the wrong session. To




seem like math. But either the subject is broad or mathe
maticians are narrow: the number of talks that any single
conference attendee could hope to understand was small.

\lthough mv audience sat politely through my caretully

practiced 15-minute presentation, I don't think any of the

few who understood mv English understood a word of my

maathemancs, Mine seems not to have been the only mis

placed talk. 1 didn't understand any of the talks 1 went 1o,

| " | . [ . bades V&
either. Besides thousands of thesc incomp cnensible 15

i.l!!\‘“ '.I':'.'!'i,_' Were 1Nree “"!'!:l|!r\l":':k't‘|\'."~ F-1T1NUe 1n
= | 1] ¥ | 1
Viled Tdalks edacn oday

15 ] | 1
But most centrally, there was one plenary talk with no

simultaneous sessions. All 2000 mathematicians could at

H.'I'.-_! '\'H'll'ln*!..l -\.'II-I?I]iLl N1s |"|'-.'I'!\I"‘~ lecture was 1o .’"-.' pre

| | ) s . ! i
sented by no less a figure than Viadimir Igorevich Arnold

the man who solved Hilbert's thirteenth problem when he

wis 4 teenager and the author of countl s artcles.,

FeVICWS, DOOKS, and thcorems
Like evervone el | tell bl =

having little hoy

i 7l
.'.\.'-"I". » LI1€

| %
i

1ad proved that at least two stable equilibria ex
s implies that there are at least tour equilibria

'wo stable and two e ellipse. Arnold’s fous

unstable. Like t
[ was so impressed with mvselt that 1 stopped dead tor a
minute. blockineg the exil

| had to tell this to Arnold. Mavbe the number tour was
. = YN i ivlid ; ] ; .
Jd COINCLICence., mas n e Ui But of course

\rnold was mobbed a the talk. | realized that getting

face to face with the great man might be impossible. But
almost immediately 1 noticed a big poster. The conference
organizers were advertising special lunches. For an exor
bitant fee one could buy a ticket to eat with a math celebrity
\Ithough mv budget was tight and mv mathematics is not
at the level of Arnold, 1 could calculate that it I reduced
my eating from two hotdogs a dav to one 1 could atford a
lunch ticket with the great Protessor

'he lunch was a disaster, both from myv point of view
and Arnold’s. The organizers had tried to maximize thei
profit rather than the ticket-buvers’ pleasure. At the big
round table with Arnold were ten eager voung mathemati-
cians. Each was carrving one or two “highly important™ sci-

entific results

papers which were ftull of “highly relevant
ted to share with Arnold. He could not e he
(NCEY wanited 1O share withh Arnolid C COUIC NOT €31t as they

out their papers and made claims about their great

| contributions. And unless I was willing to butt into
this noisv whining, as each ot the people was doing to the
others. 1 could not speak. I sat and tried to look attentive
at the pathetic scene

finallv asked me. "And

have something to ask or sav.” he said

| was depressed by the trav and said no. I had just

O lisien

['he big meeting went on day after day

one hotdog a dav and I went to a hundred fifteen-
inute talks that 1 didn't understand

| packed mv suitcase and headed tor

nain lobbv ot the conference center was

maintenance people were taking down posters.

\s | strolled

across the big hall T noticed. next to a voung Asian man,

Was Clased, ped ple were 1..I:L_|I|"!;' (Ll

leaning on a counter near the closed buttet. Protessor V. |

\rnold. The voung Asian man was talkineg excitedly in the

| noted at the disastrous lunch. As 1 walked closer.,
times, there is nothing
new in what vou are telling me. 1 published this in 1980.

Look 1t up. 1 do not want to discuss this turther: moreover,

| have an appointment with the gentleman carrving the suit-
Cdse OVer !i':L'!"\' (o i'l'l._l'i”'v. c

Fhe disappointed voung mathematician got up to leave
ind Arnold turned to me. “You wanted to talk to me, right?”
of the

| suddenly was supposed to play. 1 pretended that the

stunned that he even remembered me. but aware

1
|

1L

have had a reason. What is it about? Tell me fast.

ussion was expected. “You sat at the lunch table, rig

JdICH My train.
' il { ¥ 1% i .II_,| e BB
& SAal AdOwn. olectied mw

thoughts and explained

i1y

tbout the plvwood and the wire and how they gave the
number two, which really meant tour. He stared oft with-
out saving a word. After tive minutes 1 asked him it he
wanted to know how we proved that the plywood had at
least tour equilibria. He waved me away impatiently. Ot

¥

course | Know how vou I nwed it

and then he ll"'I'l_'L'f'il‘_'n
outlined the proot in a tew phrases. “That is not what [ am
thinking about. The question is whether vour result follows
trom the Jacobi theorem or not.”

He stared offt again. 1 reminded him of his train but he




waved me away again. Looking at his enormous concen-

tration, and not knowing what [ should be thinking about,

the minutes went by slowl

Finally he said, “1 think the

Jacobi theorem and your problem are related, but vours is
certainly not an example of the other. | think there is a
third theorem that includes both Jacobi's theorem and vour
problem. 1 could tell better if I knew about the 3D version
of vour problem

| r 1Ha1ij~.' described the ktJLH'HL'E'-u'&.l[‘li[‘:lk‘. [|1'.: ﬁl!‘J;lU sl
ble equilibrium of the chopped-off cylinder, but he cut me
H”.

“You realize of course that this is not a counter-exam-
ple! The main point of yvour 2D result was NOT to show
that there are two or more stable equilibria, but to show

FOUR or more equilibria altogether.”™ This

wias not the main point of our 2D result in my mind, or at

that there

least hadn’t been. But now [ realized that there was a higher
level of thought going on here. Four and not two. “Anc
vour cvlinder has four equilibria, three of which are un-
stable.”

In a moment's pondering [ realized he was right. The
cvlinder could also balance unstably when rotated 180 de
grees on its axis and also on its two ends. Four. 1 was

-

stunned. “A counter-example still may exist. Send me a let

ter when vou find a body with less than four equilibria in

the three-dimensional case.” he said.

“I have to catch my

train. Good-bye, young man, and good luck to vou!
[ returned to Hungary and my life of teaching and pretty
little irrelevant problems, each important in my mind for a

TS |

few months or vears. It is possible that, besides the prool

eader at the _f“.’H'J.’fJ:" Of Elasticity, no-one's eves have evel
passed over every word in our paper on plywood and wire
Ten vears later Arnold’s conjecture turned out to be cor
rect: the 3D counterexample not only existed but appeared
to me as a mathematicallv most exciting object (see the fol
lowing paper). | never saw Arnold again. Besides the num
ber four, and four again, 1 still have no idea what the Ja
cobi theorem is about. So I will never understand the
generalization of Jacobi's theorem that V. 1. Arnold imag
ined to encompass also our balancing plywood and wire,

cooked up there in the huge convention hall in Hamburg

Germany, sitting next to me at the deserted butfet
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\Viono-monostatic

Bodies

The Answer to
Arnold’s Question

P. L. VARKkoNY! AND G. Domoxos

s V. . Amold conjectured
L bodies with fewer

Y mono-monostetic bodies) may exist

CONVex. NOonu !I:_’.L':"_-k'x!U"\

than four equilibria (also called
Not only did

his conjecture turn out 1o be true. the newly discovered ob

jCCls show vanous mnleresting reatures. our g il 1s 1o Ve

an overview of these |'..’|1Li||1_;'H based on as well as to

present some new results, We will point out that mono

monostatic bodies are neithetr I!..'E. Nnor thin., l!u"u Ae 11010 s

ilar to typical objects with more equilibria, and they are hard

LO APProxumare i‘H'|'I.|H'I.!I.I Despite these "nevative ™ traits.

T rihatr rhos 3 1 % 1 ’
Jd10N Thatl [hese [Orms apnedar 1n

there seems 10 be an indig D

Nature due to lll\'ll S 'LII ]||'l'-|i‘.|'||'x.:| !""..‘|‘.'k']'i|L“~

Do Mono-monostatic Bodies Exist?

In his recent book (L1 V. 1

Arnold presented a rich col-
lection of problems sampled from his famous Moscow sem-

his lively review 11.21.

. 1|'|. | 180 | 1l 1 YEIIal! SEIEET
A TrS hy AT RN |-l|.f:|‘~ OLIL 11

a central theme i1s geometrical and topological generaliza-

ton ol the classical Four-Vertex Theorem | 2], stating that a

[AHCENE CLErt'e peis cil teast forly extrenia of cunrteafiire | !H_' COnn-

dition that some integer is af least four appears in numer-
ous ditferent problems 1n the booK, 1n areas rangmng irom

optics to mechanics. Being one ol

o,

Arnold’s long-term re

search interests. this was the central theme to his 1|~||mu1'x

lecture in 1995, Hambureg, at the International Conference
on Industrial and Applied Mathematics, presented to more

than 2000 mathematicians (see the ac companying article)
'he number of equilibria of homogeneous, rigid bodies pre
sents a big temptation to believe in yvet another emerging

!

k'\.t1ill‘|h' of being at least four (in tact, the ]‘I|~|[‘!hll' CASe wWas

proven to be an example [1D. Arnold resisted and conjec

tured that, counter to evervdav intuition and L'.‘\[k'lit'[‘lt'a'.
the three-dimensional case might be ditferent. In other words,
he suggested that convex, homogeneous bodies with fewer

than four equilibria (also called mono-monostatic) may ex-

ist. As often betore, his conjecture proved not only to be
correct but to open up an interesting avenuc of mathe
matical thought coupled with physical and biological ap-

plications, which we explore below.

Why Are They Special?

We consider bodies resting on a horizontal surtace in the
presence of uniform gravity. Such bodies with just one sta
ble equilibrium are called monostatic and they appear to

be of special interest. It is easy to construct a monostatic

bodv. such

as a popular children’s toy called “Comeback
Kid” (Figure 1A). However, it we look ftor homogeneous.
convex monostatic bodies, the task is much more ditticult,
In fact, in the 2D case one can prove [1] that among pla-
nar (slab-like) objects rolling along their circumference no
monostatic bodies exist. (This statement is equivalent to the
famous Four-Vertex Theorem [2] in ditterential geometry.)
'he proof tor the 2D case is indirect and runs as ftol-
lows. Consider a convex, homogeneous planar “body”
and a polar coordinate system with origin at the center of
gravity of Let the continuous function R¢) denote the
boundary of B. As demonstrated in [1], non-degenerate sta-
ble unstable equilibria of the body correspond to local min
ima maxima of R ). Assume that Rle) has only one local
maximum and one local minimum. In this case there ex-
ists exactly one value ¢ = ¢, tor which R¢g)) = R¢, + 7);

moreover, R¢) > Ry it > ¢ — ¢, > 0, and

Re) < R if — < ¢ — ¢ <0 (see Figure 2A).

The straight line ¢ = ¢, (identical to ¢ = ¢, + 7 passing
into a “thin” (Re) < Regy)) and

a “thick” (@) > Rgy)) part. This implies that O can not be

through the origin O cuts
the center of gravity. i.e., it contradicts the initial assumption.
Not surprisingly. the 3D case is more complex. Although

one can construct a homogeneous, convex monostatic body
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Figure |. A. Children's toy with one stable and one unstable
equilibrium (inhomogeneous, mono-monostatic body), also
called the “comeback kid.” B. Convex., homogencous solid
body with one stable equilibrium (monostatic body). In both
§¥|H[~w. S, D.oand U denote ]'hliH["~ of the surtace L'I!-I'!'L"'\Pl]['lﬁ_llt'll'_.',
to stable. saddle-type, and unstable equilibria of the bodies,

1'L'*~1'=r.'l.'5|'a -;|‘_\

R(p.0)

maximum s

of R

R(op,+1)

=R(¢,)

sphere

Figure 2. A. Example of a convex, homogeneous, planar body

bounded by Rig) (polar distance from the origin O). Assum-

ing K(g) has only two local extrema, the body can be cut 1o

4 “thin” and a “thick”™ halt by l[ts center of

the line ¢ = ¢

gravity is on the “thick”™ side, in particular, it cannot coincide

with O. B. 3D body (dashed line) separated into a “thin™ and

1 “thick” part bv a tennis ball-like SPACE Curve ( (dotted line)
along which R = K,. Continuous line shows a sphere of radius

E.. which also contains the curve ¢

(Figure 1B), the task is tar less trivial if we look for a mono
static polvhedron with a minimal number of faces. Con-
way and Guy [3] constructed such a polyvhedron with 19
taces (similar to the body in Figure 1B); it is still believed
that this is the minimal number. It was shown by Heppes
16] that no homogeneous, monostatic tetrahedron exists
However, Dawson [4] showed that |1|11HH_'.:L'1‘|;_'HLH_ maonao
static simplices exist in ¢ dimensions. More recently,
Dawson and Finbow [5] showed the existence of mono
static tetrahedra—but with inhomogeneous mass density
Une

can classification

construct a rather transparent
scheme tor bodies with exclusively non-degenerate balance
points, based on the number and tvpe of their equilibria

In 2D, stable and unstable equilibria always occur in pairs

so we say that a body belongs to class il (i> 0) if it has

exactlv 8 i stable tand thus, "= §{ unstable) l._'-.{ll.'li|1||,l \s

we showed above, class {1} is empty. In 3D we appeal to
the Poincaré-Hopt Theorem [8], stating tor convex bodies
that S+ U— D= 2,
minima, maxima, and saddles ol the body's potential en
1, ]
frunstable." and D= i + |

S.0.D denoting the number of local

ergv: so class i jl - (1) contains all bodies with S

stable, ( 2 saddle-type equi
libria,
in classes {1.71: we will reter to

Monostatic bodies are

stable and

While in

2D being monostatic IH'-P!-H.‘“- being mono-monostatic (and

the even more special class 1.1} with just one

one unstable equilibrium as “mono-monosteatic

vice versa), the 3D case is more complicated: a mono

static be H.t,\ could have. in Pring I]‘r|u_'_ any number of unsta-

ble equilibria (e.g.. to class

| B belongs

| 1+ ——
the bodyv in Fiour

1.2} and has four equilibria altogether, as pointed out by

Arnold, see story ) Arnold’s conjecture was that class 1,1
IN 1M {'H!I;"Jf'.'_ o .-'.."I';H ."[?‘Ia.".'rr'r{',il_'.n’j'r'r.-r'f\._ CONPEX NMOMNGO=malc
static bodies exist. Betore we outline the construction ol
such an object. we want to highlight its very special rela-
tion to other convex bodies

[Intuitively it seems clear that by applying small. local

perturbations to a surface, one may pr duce additional lo-
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cal maxima and minima (close 1o existing ones), similar to
the “ege of Columbus \ceording 1o some  accounts,
Christopher Columbus attended a dinner which a Spanish
gentleman had given in his honor. Columbus asked the
centlemen in attendance to make an .4 1 stand on one end
\fter the gentlemen successively tried 1o and tailed, they

stated that it was impossible. Columbus then placed the

cee's small end on the table, breaking the shell a bit, so
that it could stand upright. Columbus then stated that it was
the simplest thing in the world. Anvbody can do it, after
i has been shown how!” In [7] we showed that in an anal
one can dadd stable and unstable equilibria

by taking awayv locally small portions ot the
\'.‘i'.ull'f".l‘-. the v I'se¢ 1s Nnol [PMOSSE 1?1_' 1.€

annot decrease the number ol equilibria via

[Or a Iyp

indicates the special status of mono-mono

12 other objects. For any given typical

ostatic body., one can hind bodies in an arbitran

CLEMOst 1Hhe saime spedHhe, On 1the o "[lllt'!

class 14, I ] ), onc

no-monostatic body which has almost the
Chis may explain why mono-monostatic bod
in Nature. also, why it is ditticult 1o

shape. Next we will demonstrate such an

|||"|||._|I

What Are They Like?

AS 1IN the planar case Mono-maonostat

Cut 1O a "thin anda a "thicl dal d ClOosed] curve on s

boundary, along which R 6.¢) I this separatrix

curve nappens o be |‘I.I!‘~|; USLONCOE 1eads 1O COnir:l

1 I' !, v |
k||x|!l||]_ stmlar to the 2D case () c'\.;l']iilr 1L 1S the

equator”" ¢=0and ¢ > 0/ ¢ hick thin halves

the center of gravity should be on the upper | ) side
(Ol ||I;' Origin H-."x'-”'t_.,-!
ratrix. the above areument no longer applies

1 " -.I ]
1NE CUrve Can be sumilar 1o the ones Oon the surtaces ol e

nis balls (Figure 2B). In this case the “upper” thick ("lower

thin) part is partially below (above) the equator; thus it is

“I"‘\‘“!!"Ik' 1o 1 (e center of gras orgimn. Oul

| u - . g

construction be of this type. We *a suitable two

the H~|‘||x\'||n._|]: O

parameter I surtfaces M@,

] }

ordinate svstem (7 0.¢) wilth w4 ¥i n/Zzand U= @:

¥

m'2 and no 6 while ¢ 0 and

COOrdIN:ate,

" ] &l 4 5 % i -r-'ll .rl % i | ] Y ]
ATC DAFAMOEIErs. convenientiy h Cidl |"i decom

| ¥ 11 1
[Ne TOHOWING Wi

_"':..-'r'.'r 0.

|'II".1 t h..- L L.'rll | 1 (°

|

where AR denotes the fype of deviation from the unit "‘["i.:!k":'k'

“Thin thick i‘.lll“ Ol the body A1 | ||.I‘-.I-. lL”..-’t'Ll |”_L~ ”'L'I‘.,_[.l
tveness positiveness ol AR (i.e., the separatnx between the
thick and thin portions will be given by AR = 0), while the
parameter o is a measure of how far the surtace is from the
sphere. We will choose small values of o so as to make the
surtace convex. Now we proceed to define AR

We will

(AR 1) at the North South Pole (¢

have the
7/ 2). |1'.r-|1.t]*r:;-

of the thick and thin portions of the body are controlled

NMEAXMUIm mmimum points Ol AR

by the parameter ¢ for ¢ | the separatrix will approach
the equator; tor smaller values of ¢, the separatrix will be-
come similar to the curve on the tennis ball.

Consider the following smooth, one-parameter mapping

fiw.C): | i

For large values of the parameter (¢ >> 1), this mapping

1s almost the identityv: however. it ¢ i1s close to L), ”M‘I't' 1S
a large deviation from linearity. Based on (2), we detine

the related maps

Jitg. ) sinl /(¢.¢))

()

We will choose AR so as 1o obtain AR @.0.0)
t 2 or 3w 2 (i.e., a big portion of these sections of the

body lie in the thick part, ct. Figure 2B) and AR = f, it 8 =

S0 it

0 or 7 (the majority of these sections are in the thin part).

he tuncton

L-l.'-‘-\".1 M - (] I."_'II
-;|'.'|li“_l.:.'\ ) ) . Y ..
COs ) | .-I.' ) sin=-( #) -

l

l._:'l‘-‘li "1 &.C))
tan-( &) '

s (where ¢
s ,”L:.L )

1S l:‘\L'LE L)

construct AKX as 4 h‘au'i:_1|l[g'l.| dvVerage Ol ,r": .Iild_f}

in the following way:

_‘l.lf"-‘ ”.k..: L ]

'he choice of the tunction a guarantees, on the one hand,

the gradual transition from /; to f it 8 is varied between

}

0 and 7 2. On the other hand. it was chosen to result in

f

the desired shape ot thick thin halves of the body (Fig.

L

2B). The ftunction R defined by equations (1)=(0) is illus-
trated in Figure 3 for intermediate values of ¢ and d. For
| + dAR is separated
0 equator into two unequal halves: the upper
< 0) halt

the line separating the

. the constructed surtace R
by the ¢
(¢ > 0) halt is “thick” (R> 1) and the lower (¢
1S “thin" (R< 1) H\, kt'._"-.]k."l“".”:-..’, L,

¥

thick™ and “thin” portions becomes a space curve; thus

the thicker portion moves downward and the thinner por-
tion upward. As ¢ approaches zero, the upper half of the
body becomes thin and the lower one becomes thick (cf,
Figure <4.)

In |7] we proved analvtically that there exist ranges for
¢ and d where the body is convex and the center of grav-
Ity is at the origin, i.e., it belongs to class {1,1}. Numerical
studies suggest that  must be very small (d<5-107°) to
satisty convexity together with the other restrictions, so the
created object is very similar to a sphere. (In the admitted

==

range of d. the other parameter is approximately ¢ = 0.275.)




Figure 3. Plot of the body if c=d =12

What Are They Not Like?

Intuitively, it appears that mono-monostatic bodies can be
neither very flat nor very thin; the former shape would have
at least two stable equilibria; the latter, at least two unstable
equilibria. To make this intuition more exact, we detine the
flatness F and thinness 7 of a body. Draw a closed curve «
on the surtace, traced by the position vector Rs), s € (0,1}
from the center of gravity O. Pick two points P, (i=1, 2)
on opposite sides of ¢, with position vectors R, (i = 1, 2), re-

spectively. We define the flatness and thinness as

l min( A s)) 1

F = S —_— e e I = SHD —_—
Vi ! max(R;) J Y. Hr max (R s))

min(R;)

\lthough Fand 7 are hard to comipute for a general case,

it is easy to give both a problem-specitic and a general

lower bound. For the latter. we have
FT =1, (7)

since F= 1 | can be always obtained by shrinking the
curve ¢ to a single point. For “simple™ objects. F and 7
can be determined, and the values agree fairly well with

intuition in Table 1.

Figure 4. A. Side view of the body if ¢ | (and d=13)
Note that AR

if ¢ << 1. Here, AR > 0 typically for ¢ <

=0 if ¢ > 0and AR< 0 if ¢ < 0. B. Spatial view

0 and vice versa

Table 1. The flatness and thinness of some “simple” objects

Body Flatness F Thinness T
Sphere
B¢ | hedri \ \
D¢ \ \
2 I j ]
\

he number S ol

Now we show that Fand T are related to t

stable and €7 of unstable equilibria by

LEMMA 1: () F=1 ifand only if S= 1 and
(b)) T'=1 if and only if l.

We only prove (a); the proot of (b) runs analogously

[f §> 1, then there exists one global minimum for the

radius R and at least one additional (local) minimum. Se
li'u'E C d5 o ( |HHL'&!_ R = K, = constant curve. Cire 'l]!‘il'_'_ 1|‘.1' |-.|-
cal minimum very closely. Select the points P, and P> co-
inciding with global and local minima, respectively. Now
we have Ry = K < R, and mint Rs)) = R,, max R) = R,
sO §> 1 implies F> 1

If §= 1, then R has only one minimum, so it assumes
only values greater than or equal to min R(s)) on one side
of the curve ¢, so F=1, but due to (7), we have F= 1
Q.e.d.

Lemima 1 conftirms our initial intuition that mMono-mono-
static bodies can be neither flat. nor thin. In fact, thev have
minimal flatness and minimal thinness:

moreover, they are the only non-degenerate bodies having

simultaneoush

this property

Another interesting though somewhat “negative” feature

ol mono-monostatic bodies is the apparent lack of any sim-

ple polvhedral approximation. As mentioned betore, the ex-

istence of monostatic polyhedra with minimal number of

taces has been investigated |3].[4],15).16]. One mav general

ize this to the existence of polvhedra in class i j1. with
minimal number of faces. Intuitively it appears evident that
polvhedra exist in each class: if we construct a sufficiently

fine triangulation on the surface of a smooth body in class

\i, /1 with vertices at unstable equilibria, edges at saddles
and faces at stable equilibria, then the resulting polvhedron

may—at sufficiently high mesh density and appro-

priate mesh ratios—"inherit” the class of the approximated

smooth body. It also appears that it the topological in

ities 2i= 7+ 4 and 2/= i + 4 are valid. then we can

I.,_'tiLl._!

have “minimal” polyhedra, where the number of stable equi
libria equals the number of faces. the number of unstable
equilibria equals the number of vertices, and the number
of saddles equals the number of edges. Much more puz-
'fliﬂ;{ dppear (o be the P lvhedra in classes not .wh’i.i,-"rﬂr',;'

the above topological inequalities: a special case of these
polvhedra are monostatic ones; however, many other types
belong here as well. In particular, it would be of interest
to know the minimal number of taces of a polyhedron in

class

11,1}, We can imagine such a polyvhedron as an ap-
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the number ol equilibria is particularly sensitive to pertui
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static polvhedron mayv be a very large number. Since
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Mono-monostatic Bodies do Exist
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such as beetles and turtles. In tact 1 !!'...',lll Ng 1rosponsg
f | P « 1 ] ] 5 ] ] | \
(their ability to turn back when placed upside down) ol
these animals is regarded as a measure of their fit-

Ne'ss | L) |I|"

der "Whv Ar

NCe exXample prest nted above Lin

also included in the mono-monostatic class. In particular,

we identified one of these forms, which not only shows

substantial deviation from the sphere, but also displays re-

markable similarity to some turtles and beetles. We buili
the object by using 3D printing technology, and in Figure
5 it can be visually compared to an Indian Star Tortoise
( Geochelone elegans).

Needless to say, the analogy is incomplete: wurtles are
neither homogeneous nor mono-monostatic. (They do not
need to be exactly mono-monostatic: righting is assisted dy-
namically by the motion of the limbs.) On the other hand,
being that close to a mono-monostatic torm is probably not
iust a coincidence: as we indicated betore. such forms are
unlikely to be found by chance, either by us or by Evolu-

lon iselt
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Bubble
Crawling in
Dublin

WIEBKE DRENCKHAN

Does your bometown bave any
mathematical tourist attractions such
das statues, plaques, graves, the cafe
where the famous conjecture wds
made, the desk where the famous
initials are scratched, Dirtbplaces,
bhouses, or memorials? Have you
encountered a matbematical sight on
your travels? lf so, we invite you to
submit to this column a picture, a
description of its mathematical
significance, and eithber a map or
directions so that others may follow

in your tracks.

Please send all submissions to
Mathematical Tourist Editor,
Dirk Huylebrouck, Aartshertogstraat 42,
8400 QOostende, Belgium

e-mail: dirk.huylebrouck@ping.be

<7\ aught in the rain you run for the

nearest pub—which is never
more than 50 metres away in
Dublin. Recalling how the lady at the
B&B had said It vou don't like the

wedther in Ireland. wait two hours!” vou

decide to do what the locals do: have
a pint by the fireplace and wait.

\s the bar man pours vour Guinness,
vou admire the swirling motion of the
many tiny gas bubbles as the famous
stout settles in the .'_:'I.lva_ Your eves gel
caught by the completely opaque froth
that forms as the bubbles gather on the
surface of the nearly black drink. A
physicist friend once told vou that be-
cause of the small size of the bubbles,
a light ray gets reflected and deflected
so many times, that it finds its way out
again before it is absorbed, giving this
froth the appearance of whipped cream
\lso, the bubbles are filled with nitro-
gen (N5), instead of carbon  dioxide
(CO»), to slow down diffusion. Without
the froth

like an ordinan

this chemical trick. Creamny

would i;:lh'ﬁxi‘y look
dish-washing foam. But after watching
the timescales within which the locals
finish their pints, vou doubt that they
would ever notice this difference

The rain continues, and vour aca
demic mind, despite being ofticially on
holiday, wanders and wonders: “How
many bubbles are in this froth and what
are their shapes?” It goes without sav-
ing that as a mathematician you assume
that all bubbles have the same volume.
\s long as they are round, which is the
case if they are separated by a lot ol
liquid, this is the well-known problem

of !‘hlL|x1[‘tj_{ HI']]H'['L"H_ This has received

delicious tood tor the

(hyv W

Guinness bubbles

mathematical mind Drenckhan)

attention by academics or greengrocers
alike, aiming for the optimal packing of
spherical objects

Rumour has it that this problem en
tered the realm of mathematics in the
1590s. when Sir Walter Raleigh, stock
ing his ship for

an expedition, won-

dered if there was a quick way to cal-

culate the number of cannon balls in a

stack based on its height, His assistant
'homas Harriot, not only supplied the
dppropriate equanon bul also men

toned the I blet johannes ]\c.':l"'it'l'

L few vears later. In 1611 Kepler pro

posed in his famous conjecture, that
this was also the most efficient way ol
packing spheres—untortunately with-

out providing a proof. This had to wail

until 1998. when T. Hales succeeded in

providing a (debatably) rigorous prool
of what the ereenerocers had known all

centred cubic (fcc) pack

hexagonally close-packed

|

P)1s the

dlong: the race

Ing LOT 1S
COLLSIN N winner (1 | ¥ l)

Whilst vou are

ol it and the problem

it the froth.

staring
liquid drains out

becomes more complicated. Bubbles

Figure |. The way of stacking cannon balls or oranges: used in practice

since we can remember, suggested as optimal by Kepler in 1611

nally proven so by Hales in 1998

and fi-




now form polyhedra. which are sepa-

rated by thin Hilms whose mean curva

ture depends on the pressure difterence

between the bubbles they separate

With the amount of liquid being negli-
gible, the packing problem takes a dit-

ferent torm: the quantity to be min

energv’ of the

imised now is the o

system, which is represented by the to
tal area of the gas liquid interfaces. As
the famous nineteenth-century Belgian
scientist Joseph Plateau showed [1], this

U\Ht|1lll1=‘- |I.'.|t|‘- (@] H'I"; ‘~I1I'|EHL' 1Ol
11

equilibrium rules for the generally

rather complex foam structures

1. All films meet threetold at angles ol

1 )

Lines of intersecting films always

meet tourtold at angles of 109.6
However, like most people, vou decide
to think in more detail about the 2D
analogue first. Here the close packing

and interface minimisation problem

: | .1 .
produce the same solution, which can

be found in many 2D and quasi-2D sys

. the most popular
¥

(Fig. 2). Bul

LIS 1IN natur

being

the honevcecomb

vET)
though this solution has been widely
accepted tor a long ume, it was only

rigorously proven in 1999, once again
by T. Hales |2
The

slightlv more complicated

challenge

eries are stacked in two hexagonal

lavers (as shown in Ficure 2). whose

relative position and the resulting

geomeltry of the separating wall has led

1o interesting academic debates [3, 4]

As a result. blind admiration for the in-

telligcence of the small creatures was

slightly dampened when the Hungarian
mathematician Fejes Toth proved that

the bees could save 0.4% wax if they

| =
-
|

shifted the lavers slightly

Extending these considerations to
true 3D systems turns out to be 100
complex for vour back-of-a-beer-mat
calculation. Just as you are about to give
up vou find vourself staring into the pub
know, |

owner’s delighttul grin. “You

used to \nd betore having time
o remember the reputation of the Irish
for storv telling, vou find vourself be-
ing drawn into one that sounds like a

modern ftairy tale about bubbles,

Sr‘ttr

Figure 2. Masters of packing: a bee hon-

eycomb (photograph by S. Hutzler)
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'he award-winning design of the National Swimming

—

{

(in the toreeround) in front

cnire

tor the Olympic Games in 2008 in Beijing is based on the Weaire-Phelan structure

It was developed by
China State Construction and Engineering

stitute. who provided the 1magec

O'Neill's’

College Dublin (TCD), the oldest of the

he pub is beside Trinity

Irish universities, founded by Queen
Elizabeth in 1591 (Fig. 3). Since then it
has been home to many great scientific
William

Hamilton. Georges Francis Fitzgera

SIT Rowan

d.

ton. The ptlh and its

minds. such

S

and Earnest Wa

consulting engineers \rup and partners. PTW

L l!'|""- ranon, and 1

AT

many log

al competitors have

niects,

he Shenzhen Desig

e | |
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n In

TV U

TCD academics trom all tields as a place

to discuss ideas and relax over a drink

with ¢t ﬁ||L'JL[k'.-t”~

\s vou listen in amazement,

about a guy who kept coming into

ol |
=i

pub with strangely shaped

studv the |‘tr'wpk'['[iL'*~ of the
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i':l;'.ll
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[roth

People quickly stopped slagging' him

when not much later an article in the

f-’]‘.\-"r’ Times anne WITIK L'Ll. [|IL' cdiiscoverv ol

Weaire-Phelan

his. physics Professor

the now world-famous
structure”, With 1
Wearre

Robert Phelan had tounc

student
cell
arrangement, which brought them 0.3

Of

the optimal packing of

Denis and his PhD

.y b
| a specifi

ahead a long historical hunt fo

CIry |'-|i|‘|‘|t"~

Weaire's adventures with bubbles. and

% 1)

his bool

IHllL']'u i.']l“ﬂ'. are L|t'*~t .'!"-*k'~| in
estab

he previous best had been

lished in 1887

In a conjecture from no
|L"-~H a4 scientist than the aredl Scotsman
Lord Kelvin, who had posed this ques
tion as part of his lifelong quest for a

material structure of the ether of space
As an optimal solution he had suggested
||r

1 1 ! 1
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( let

a4 structure identical
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tetrakaidecahedra side of

And even th

iough the
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Fioure <) elther

disappeared from scientific debate, this
question continued 1O pose a « hallenee
to the

'he

questionable but unsurpassed for more

mathemaucally mnded

Kelvin conjecture re

than 100 vears until the two TCD physi

cists tackled it by combiming

familiarity with tetrahedrally bonded

crystal structures and computer power
['he crvstal structure Al35 or rather its

dual. the Clathrate 1 structure. seem

a promising candidate. Using the “Sui

face Evolver® software developed n
} > 1.1..'I . - "y — PR, g |
ACTI DUEAARKC D, , LIIEY SO00 Proviced
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precise shapes or the p Ivhedral bub
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Figure 6. The sculpture “Throwing Shapes”, which presents a section of the Weaire-

Phelan structure. It was built by D. Grouse (lett), and designed by W, Drenckhan

(middle) and D. Weaire (right)

Museum

A miniature version is owned by the London Science

That a small number like 0.3% is
enough to become world famous is re-
flected beyond the scientific debate.
The Weaire-Phelan structure recently
transcended its status as a somewhat
abstruse  scientific pmhlum when the
Chinese authorities chose to make use
of its artistic appeal and unique me-
chanical properties in the design of the
National Swimming Centre for the
Olympic Games 2008 in Beijing (Figure
5). This  86m award-winning “Water
Cube” will be made ol 4500 gigantic

oty

i

Weaire-Phelan bubbles enclosed in a
plastic skin. The design is not only
pleasing to the visitor’s eyve but also cre-
ates a greenhouse-effect to heat build-
ing and water. A convenient and well-
considered side effect: the mechanical
flexibility of the three-connected struc-
ture makes the building well suited to
the seismic exposure of the area

On a much smaller scale, but closer
to home, Trinityv College Dublin has
recently  acknowledged Weaire and
Phelan's achievement by adorning its
campus with a sculpture whose mirror-
faced polvhedra represent a section of

the famous bubbles (Fig. 6). Now in the

-3 Lo

Figure 8. A dream for knot-theorists: sections of an infinite wealth of Celtic knots found in the “Book of Kells™ in the Old Li-

brary of Trinitv College Dublin.




hallway of the physics department, it
will soon withstand the rempers of the
Irish weather at the modern east-end of
the historic campus.

As the pub owner tinishes his fasci
nating story, you notice the reflection
of the sunlight in vour empty pint glass:
the pertect lme to go for a stroll
through the historic campus. At the en
trance of TCD vou come lace-to-tace
with a sculpture of the mathematician
George Salmon (of conic  sections
tame). And vou find more representa-
tions of mathematicians in the Long
Room (the old library) and the many
portraits that adorn the college. But it
is still true that it vou mention Synge

in the pub. people will assume that yvou

mean J. M. Synge, author of Playboy of

the Western World, not his I"lL‘]ﬂlL“ﬂ
J. L. Synge. famous in mechanics and
relativity.

[rinity's families have excelled in
both the sciences and the arts over suc
cessive generations. Some tried their
hand at both—W. R. Hamilton is the
most notorious example. combining
sublime mathematics with lugubrious
poetry! As part of the celebrations of
the 200th anniversary of his birthday, a
specific edition of 10 Euro coins can be
purchased from the Central bank of Ire
land; a special edition of stamps, from
the Irish post.

The OIld Library is the place to go
for anvbody with an interest in knot the
ory. On display here is the "Book ol
Kells”, one of the most precious books
in the world. The collection of the four
ornately illustrated gospels of the bible.
produced by Celtic monks around AD
800, is illuminated with a plethora of

the famous Celtic knots (Fig. 8).

As you arrive at the bubble sculp-
ture at the back end of Trinity, the rain
returns, By now an experienced tourist
in Ireland, you quickly make your way
to the next pub. You are relieved to
find out that this one is named after Ma-
hatty. the first protessor of ancient
Greek in TCD at the end ol the 19th
century, who had no interest in math-
ematics whatsoever!

But hang on a minute, was it not

a1 Greek

Alexandria. who first wrote about the

“Sagacity of the bees” in his fifth book,

about 300 AD? .
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From Fractal
Geometry to
Fractured
Architecture:
The
Federation
Square of
Vlelbourne

JoE HAMMER

Does your bometown bave any
matbematical tourist attractions such
as statues, plaqgues, graves, the cafe
where the famous conjecture was
made, the desk wbhere the famouts
initials are scratched, birthbplaces,
bouses, or memorials? Have you
encountered a mathematical sight on
your travels? If so, we invite you to
submit to this column a picture, a
description of its mathemcaticel
significance, and either a map or

directions so that others may follow

_\ elbourne, the second largest
/—Ix ity in Australia, has a popula-
tion of around four million.
'he capital of the state of Victoria, it
lies on the southeast coast of the con-
tinent at the mouth of the Yarra River
Interestingly, Melbourne’s location was
determined by this modest river: in 1835
a city founder proclaimed, “This is the
spot for a village'. Some Melbournians
still fondly call the city proper ‘the vil-
lage’. By 1900, the village had exploded
to a populous vibrant city, thanks to the
Gold Rush and excellent port facilities.
Subsequently, an extensive railway net-
work was built to transport people from
the city, where they worked, to spread-
ing suburbs,
houghtlessly, the builders ol the
bulk of the railway lines ran them along
the Yarra and cut the city in two. By the
beginning of the twentieth century, the
riverside railway vard ot over 50 lines
became an evesore that hampered the
development of an otherwise vibrant
metropolis. To remove this unsightly

railway yard was out of the question;

the onlv rational alternative was to rooft

it over. This immense engineering prob-

lem generated a second issue: any such
development would create new plum
real estate at the city's very gateway.
What should arise on this deck?
hrough the 20th century, countless
ideas were proposed tor the future of
this site. Both private enterprise and
government bodies held assorted com-
petitions for the development. Mosl
were just unrealistic dreams. For ex-
ample, in 1975 some 2300 entries were
submitted to a competition held by the
Victorian State government. A member
of the judging panel described entries
of the finalists as '‘a megalomania that
makes the pyramids look like pimples’
In the 1990s came the breakthrough.
As Australia prepared to celebrate its
centennial of Federation in 2001, the
Federal Government sought projects
Mel-

bournians recognised in this an op-

appropriate to this celebration

portunity to turn their historical local
village development dream into a fed-
eration project.

In 1997/,

support from the Federal Government,

with substantial financial

the State government of Victoria ad-

vertised an international architectura

The Main Components of the Project

. A Civic Plaza (or The Square): capable of accommodating up to 15,000

people. The design of the square was the key component in the com-

petition,

The Atrium: a covered public thoroughfare which complements the plaza,
it can accommodate about 1,000 people.

An Art Gallery complex, which is an extension of the world-renowned

National Gallery of Victoria (NGV), just over the river from Federation

Square. It comprises more than 7000 square metres of exhibition space,

and it houses about 22 000 Australian art objects.

Australian Centre for the Moving Image: includes several cinemas with
the latest technology for preservation, exhibition, and education relat-
ing to moving images. This complex complements the Arts Centre across
the Yarra, where theatres and a concert hall provide venues for live per-
formances.

in your tracrs.

A variety of eateries, shops, and other service areas, including a river-
Please send all submissions to side reception venue and multi-level car park.

Mathematical Tourist Editor, All the above elements are built on a deck of 4 hectares (55,000-square
metres) roofing the railway yard. The construction of the deck itself is

a remarkable engineering achievement.

Dirk Huylebrouck, Aartshertogstraat 42,
8400 Oostende, Belgium

e-mail: dirk.huylebrouck@ping.be
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Figure 1. The lavout of Federation Square. Key: 01, Information Centre; 02, St Pauls Court; 03, Retail; 04, The Plaza; 05, Cin

ema Centre: 06, Retail: 07

13. Function Centre: 14, Car Park: 15. River Terrace: 16. Whart

design competition for a centre of cul-

tural activities. From 177 entries world
wide, Lab Architectural Studio, based in
London, was chosen unanimously by
an international judging panel. Subse
quently Lab, joined by Bates Smart Ar-
chitects of Melbourne, was granted the
job to develop the Federation Square
complex. The principal architects were
Peter Davidson and Donald L. Bates.

Before looking at the mathematics
used in the project, it is helpful to read
some selected comments from con-
temporary media which retlect the con-
troversies and recognise the novelties
in the design (Fig. 1). Most of the com-
menting authors are protessionals in ar-
chitecture or in art.

Federation Square is as different and
peculiar as if it came from another

culture altogether [7]

Contrary to the claims for its formal

novelty and ‘beauty’, the design of

this complex adheres to the con-

ventions of humanism. [5]

[It] is the biggest example vet
of a paradigm in architecture. 6]
The Ll'q..l'-.]L' IS C( r".l:_'l".,"-_i with l]!L' WoOrn-

derful fractal patterning that is so ar-

resting to the passersby. [4]

It is a fusion of mathematics. art and
architecture [4]

It 1s 4 [t!F)iitlllLijk\li extension of the

CIly 15]

Figure 2.

Atrium (Northern Part): 08. Art Gallery: 09, Hotel: 10, Museums: 11, Retail: 12, Atrium (Southern Part)

Geometry of the Facade—
Art of Tilings
'he facade of the three main buildings

I

is 2 multi-taceted. multi-coloured com

‘|‘ll1“~f'|illl'l. a trile ay i I','l'.til-.; :|+.'-1:_1!1 (] 1<
2). Visually it is comparable to some
cubist paintings where the objects ap-
pear fragmented, taceted, and broken
SO it is quite a surprise to learn that the

e metric seed of this ¢ ']II]'J]H .llt.'-.'i-‘l]"-




pearing structure is a single triangle,

namely a right-angled triangle with pro

portion of the ;uwprmlml ar sides |

(It 1s 1O be noted that the ratio of the

sides ¢! the largest tace of a standard

brick is also 1:2)

'o see how the tiling was devel

oped, let us play with a simple jigsaw

puzzle. From a piece of cardboard, cut

right-angled triangles

whose perpendicula

five identical
sides  measure,
sav, one centimetre and two centime
tres. Assemble the five triangles in such
A way as to obtain a larger version ol
the initial right-angled prototriangle
(This can be obtained by applying: ro
tations through one of the angles of the
and

Profe Mrianefe vertical retlection

'f',h‘-

0 i b - ||I § i
et ‘?.'Ff.'cr'l.-f.’_,_f.H 5

J X ! ¥ | Stk
farcade Of 10¢ [D1red

trilogy in tiling desion.

aAppropriate iranslation. so that no two

adjacent triangles are in the same align
1 panel

ment.) Call this new triangle

(Fig. 3). Next, assemble five panels the
same

_:_',lt'L!

way. Avain we obtain a right-an

triangle similar to the prototrian-
gle. Call this new triangle a megapanel
subdivide each panel of the megapanel
INLoO Pre notriangles and observe that in
the megapanel, the vertices ol eight
Profe *]'I.i?‘l_‘-_:;k'“w meet at one po int so that
their sides are in a star-like, pinwheel
tormation (Fig. 3). The architects used
such megapanels as cladding units to
where the

assemble the facade

|‘-qr‘r-
wheel grid is the characteristic teature
'he measurements of the actual build
ing prototile are 0.0 metre, 1.2 metre,

and \

Mathematically we can continue this

.8 metre

construction process (o obtain an in-
cremental sequence system of self-sim-
lar triangles. Radin [8], who designed
the pinwheel tiling, also proved that the

procedure provides an aperiodic tiling

ot the euclidean plane. Notice that pe-

riodic tiling, obviously possible for two
panels, or two of any element of the
sequence, can abut along the diagonals
1o form a rectangular tle

Notice also, that we can reverse the
above procedure: instead ol assem-
bling, sub-divide a right-angled triangle

of ratio 1:2 into live congruent trian

ales similar to the initial triangle. Keep
on sub-dividing the new smaller trian
gles or just some of them, and you ob
tain a decreasing sequence of fractal

contigurations. For fturther interesting

problems regarding Radin tiling, con

sult Radin 8. 9] and the references
therein.

We perceive that the facade is a fi-
nite part of an infinite iterative proce-
dure. The pinwheel tiling starts and
the boundaries of the

ends within

Figure 3.




Figure 4.

facade. This project shows how math-
ematically motivated designs in archi-
tecture are restricted and determined by
many ftactors such as construction,
function, and material.

Three materials were used for the
tiling: glass, sandstone, and zinc. The

glass comes in opaque and clear, the

sandstone is rough or polished, and the

fil‘u' 1S |‘m-r'1'+:r11[u_'-‘1 or -H|IL| I|H_' LIL‘I"..']U

contains approximately 22,000 pro-
totiles. about 2000 of them « =|.fh'\]‘l‘~"~. SO0
of sandstone, and 12,000 of zinc. How
ever, there is a tourth material which
contributes to the total picture. Through
the glass panels, and elsewhere, we can
see sections of the U"r'l'i'j;:ulit_'d steel
structure (Fig. 2) on which the panels

are  mounted—the  skeleton ot the
facade. The geometry of the behind-the
scenes skeleton gives the facade its "an-

gled tangled’ surtace. The architects suc-

Radin proved that the

P cedire {H‘rff'f'afrt'.w' (in

aperiodic tiling of the
euclidean plane

ceeded In ““._'}k'li”ll‘.._{ the materials and
their colours to refer to the tacades of
the neighbouring buildings, despite its
unorthodox fractured surface deviating
from the usual facades

Interestingly, even the basic geo-
metric theme, the lf'i;i['tj_llk' itself, is tea-
tured in many places nearby. T will just
mention two examples. One is the
landmark Rov Grounds designed 162

metre-high spire of the Victorian Arts

Centre (Fig. 2) almost opposite Feder
ation Square. The entire structure 1s

made up of a triangular mesh of sculp-

tural beauty, The second example is the
stunning stained glass ceiling of the
Hall National

Gallery of Victoria, desiened and exe

Greal (Fig. 4) in the

cuted by Leonard French. It measures

51 X 15 metres and is constructed ol
approximately 10,000 pieces of multi
coloured hand-cut glass. embedded in
L triangular grid. The twelve support
ing columns are topped like the spikes
of inverted umbrellas. a three-dimen-
sional pin-wheel formation. (You can
best enjoy this wonderful ceiling by Iy
ing supine in the finely carpeted hall,
relaxing with all the other tourists do
ing the same! The efttect is to make vou
feel that vou are under branches ol
trees with budding coloured crowns.)

[n both projects the shape and transla-

Figure 5

(lon are very difterent from that of the

Facade and. in tact. from each othet

The Civic Plaza—The Square

. _ , .
I'he Civic Plaza known as The Square

It is not a ‘square’ at all but rather an

irregularly shaped, fractured square ol

irea 500 square metres contaming ses

eral interconnected bavs, each of which

|5 tli"‘*'l_'._""-.k'” IS d 1111111 -1|I_1_;.fk- ~.5,-||~|I~.!.L-

LOr inbmate gcatherines, such as family

parties and video showings.

open-air

'his is a fine example ol the applica

tion of fractal selt-similarity in archi

[CCture, ]| I“-\|:'1|'“|I|'."'.i'k novel 1o o s1en

a plaza in this way. The ground of the

plaza has a sloping topography, de
manded by the structural need to rool

the railway vard. However, the archi




tect took advantage of this slope by
ransforming its surface to design a
The
ground inclines from street level by

spectacular  open  amphitheatre

steps and slopes to a height of about
6 metres at the facade, allowing a
panorama towards the river

'he paving of the ground is a re
1

markable work of art designed by Paul
Carter | 2]. It is surfaced with sandstone
cobblestones laid in seemingly sinu
soidal patterns of varying amplitudes o1
periods. There is a striking contrast be
iween the undulating cobbled ground
surface and the all-linear triangulated

Ihe

cobbles

facade, a backdrop to the plaza
manv-coloured  « I‘_n"\1.l1 like

emit a variety of sparkling colours,
which change depending on how the
sunlight strikes them. There is a de
|-1_'H't1”.ll| ]'.‘l]L'I'|1|.|‘x between this coloun
spectrum and the multicoloured tacade
in the background
'hese two elements of the plaza

the ground surface and the facade be
hind—make a coherent unit. If the artist
Christo were to wrap the tacade, the
ground would definitely appear odd
and different. Arguably, Lab Archite
tural Studio mayv have won the com
petition because of this imaginative de
sign concepl. Some critics noted that

the facade and the interiors of the
buildings are not related to each other.
[t seems these flﬁl.'l.!l"-h' failed to notice
that the tacade was designed to relate

to the surtace of the plaza

The Atrium—Tourist
in Wonderland

The atrium is the spine of the complex.
[t consists of three areas. The northern
part (Fig. 5) is an entry from Flinders
Street leading to the art gallery and cin
emedia centre. In the middle section is
a covered amphitheatre with seating ca
150, ¢

pacity ol omplementing the open

amphitheatre ot the square. The south-
ern section sl pes LOW ards the river, ac
cessed by an impressive stairway. The
atrium cuts through the entire complex
with a north-south axis providing a
covered tootbridge over the railway
vards, linking the commercial quarters
of the city with the Yarra River. It com-
plements the open-air Princes Bridge.

Probably

necessity will eventually de

mand a covered ftootbridge over the

river directly from the atrium

In addition to the atrium’s important
functional facilities, it is the geometry
of the steel network of the surround-
ing walls that is of particular interest
for us. The network is a three-dimen-

S1on:l

aeneralisation of the facade's

pinwheel grid. With your megapanel

I'be desion is a Hnigue
avenue of abstract
sculptures composed of
geometric themes

cardboard model. vou can visualise this

generalisation. Cut out a number ol

strips  of elastic

webbing and place
them on the spokes of a pinwheel on
yvour model. Fasten the ends of the elas
11C 1O

the cardboard and then pull the

centre ends up from the cardboard
plane to the space in arbitrary direc
tions. You will obtain skeletons ot con-
ical bodies. In the atrium’s structure, the
elastic SIrps are IL'_["LI.tK't_l by 200-mm
square hollow sections of corrugated
steel tube segments. The tube segments
are joined by sophisticated star-like

steel connectors. The segments em
anate from the connectors in up to six
difterent  directions, providing  the
three-dimensional version of the pin-
wheel. The intricate connectors made
it possible to design a network of skele-
tons of a variety of three-dimensional
configurations, such as tetrahedrons
and prisms. The design is a unique ay
enue of abstract sculptures composed
ol geometric themes.

'he steel structure is enveloped in
side and out by tinted glass walls with
sandblasted decoration. The glass con-
sists of polygonal panes of nine ditfer
ent shapes that are derived from the fa-
cade’s right-angled prototriangle. The
actual measurement ol the perpendic-
ular sites of the ‘protopane’ triangles is
| metre and 2 metres. Both the steel
structure that supports the glass walls
inside and the frames which connect
the panes contribute to the sculptural
effect of the enclosed main structure.
Notable is the angled ceiling. made ol
acoustically eftective translucent plastic
material, which carries out the polygo
nal pattern of the glass walls. The
geomeltry of the compound steel net-

work is especially ‘transparent’ through
the huge glass walls surrounding the
amphitheatre. It appears as if Escher-
type four-dimensional fantasy configu-
rations come alive in our ‘real” 3-space.

For a mathematical tourist, an extra
night time visit will be rewarding. This
is not only to enjoy the intricate the
atrical lighting illuminating the atrium
with an ‘Alice in Wonderland’ spell, but
also 1o notice on the j_i1't111ﬂLl and else-
pinwheel

where. the

shadows [H't.lﬂ't'lt‘d from the 3-space

formations  in

skeletons branching out of the con-
nectors (Fig. 4). As a bonus, the ever
changing lighting of the Cultural Cen-

tre spire is especially dramatic.
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Principle of

Continuity

A Briet History

ISRAEL KLEINER

=, he Principle of Continuity was a very broad law, often
not explicitly formulated, but used widely and impor-
tantly throughout the seventeenth. eighteenth, and nine-
teenth centuries. In general terms, the Principle ot Continu-
ity says that what holds in a given case continues to hold in
what appear to be like cases. Specifically, it maintains tha
(a) What is true for positive numbers is true for negative
numbers,
(b) What is true for real numbers is true tor complex num-
bers.
What is true up to the limit is true at the limit.
What is true for finite quantities is true for infinitely
small and infinitely large quantities.
What is true for polynomials is true for power series.
What is true for a given figure is true for a figure ob-
tained from it by continuous motion.
What is true for ordinary integers is true tor (sav) Gauss-
bi: a, b e Z|.

Each of these assumptions was used by mathematicians at

lan integers \a

one time or another, as we shall see. No doubt they real-
ized that not all properties holding in a given case carr
over to what dppedr 1o be like cases; [|1L"_~. chose the prop-
erties that suited their PUrposes. Moreover, these purp. irted
analogies. even when they failed to materialize, were often
starting points for fruitful theories.

Andre Weil, in his essay “"From metaphysics to mathe-
matics”, gives poetic expression to some of the above
thoughts [35. p. 408]:

Mathematicians of the eighteenth century were accus-

tomed to speak of “the metaphysics of the calculus”, or

“the metaphysics of the theory of equations™ They un-

derstood by this a vague set of analogies, difficult to

grasp and difficult to formulate, which nonetheless
seemed to them to ]‘tl{‘\. dn iHlpH['l;iI‘ll role at a :_’,i"a en mao-

ment in mathematical research and discovery.

All mathematicians know that nothing is more fertile
than these obscure analogies, these troubled retlections of
one theory in another, these furtive caresses, these inex-
plicable misunderstandings; also nothing gives more plea-
sure to the investigator. A dayv comes when the meta

physics has become mathematics, ready to form the material

whose cold beauty will no longer know how to move us

We may begin our story with Kepler, although the Prin-
ciple ot Continuity, in one torm or another, was used
implicitly earlier, as we shall see. In the early seventeenth
century Kepler enunciated a Principle of Continuity in con-
nection with his study of conics. All conics, he claimed, are
of the same species. For example, a parabola may be re-
garded as a limiting case of an ellipse or a hyperbola, in
which one of the foci has gone to infinity. And “a straight
line goes over into a parabola through intinite hyperbolas.
and through infinite ellipses into a circle™ [33]. (Desargues
and Pascal thought along similar lines.) See also [24]

It was Leibniz, however, who made the Principle ol
Continuitv—he called it lex continui—into an all-embrac
ing law. (He owed some of his ideas to Descartes.) It ap-
pears throughout his work—in mathematics, philosophy,
and science. Here are several ways in which he expressed
it [15, pp. 291-294]:

(1) Nature makes no leaps We pass from the small
to the great, and the reverse, through the medium,
(i) When the essential determinations of one being ap-
proximate those of another, all the properties of the
former should also gradually approximate those of
the latter.
Since we can move from polygons to a circle by a
continuous change and without making a leap, it is
also necessary not to make a leap in passing from
the properties of polygons to those of a circle, oth

erwise the law of continuity would be violated




Leibniz's rationale for this encompassing principle was that
“the sovereign wisdom, the source ol all things, acts as a
perfect geometrician. . . . [And geometry is] but the science
of the continuous™ [15, p. 292|

In this article, | will focus on examples from several a
eas of mathematics—analysis, algebra, geometry, and num-

ber theoryv—to illustrate the Principle of Continuity “in ac-

ton”, in its various guises. I will also highlight in each case
the transition from the metaphvsics to the mathematics, from

vague analogies to fruittul theories

Analysis

(a) The seventeenth century saw the rise of calculus analy-
sis, one of the great intellectual achievements of all time. Tt
was founded independently by Newton and Leibniz during
the last third of that century, although practically all of the
prominent mathematicians of Europe around 1650 could solve
many of the problems in which elementary calculus is now
used. At the same tume, it took another two centuries 1o pro

vide the subject with rigorous foundations. The immediate

task of Newton and Leibniz—the “basic problem™—was this:

Basic PrRoBLEM: To devise general methods tor discover
ing and deriving results in analvsis

[t is in response to “basic problems™ that Principles of Con-

f
Lnuity were devised
| : : ¥ =l 1:.q 1 ' e
Central to Leibniz's xil‘I"'l-ul-\h in dealing with this ;mnl\

| 1 | . | ' " ] rI. 1] s = » =
lem was the notion of “difterential”™. the ditference between

two infinitesimally close points. He computed with differ-

entials as if they were real numbers, although he at times

had to make “adjustments”™. Here is an example

Leibniz searched tor some time to find the rules tor dit
ferentiating products and quotients. When he tound them,
the “proots” were easy. Here is his discoverv derivation of

the product rule
d(x))
Ved.X

Leibniz omits (X)), noting the infinitelv small in

comparison with the rest™ |11

ISRAEL KLEINER Onginally a specialist in

—\II- ) I 1

~Gill), Israel Kleiner has
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The dx and dy are the differentials of the variables x
and ), respectively. The notions of derivative and of func-
tion—used nowadays to formulate the product rule—were
introcluced only in the following century (though Newton's
“fluxion™ is a derivative with respect to time). Note that
Leibniz has here both discovered and derived the product
rule. Discovery and derivation (“proot”™) often went hand
in-hand. Of course Leibniz's demonstration would not be
acceptable to us, but standards of rigor have changed, and
In any case contemporaries of Leibniz were, for the most
|‘+.l['l. 1ol |:r:r|xi1‘|j; for f'fILLEir'illIH P ol (But see [_]_“"| i'Hr' dn
example of rigorous proofs given by Leibniz. The article
was first published in 1993, so its contents might not have
been known to his contemporaries.) They were satisfied
with what Polva would call “plausible reasoning™ [30] and

what Weil would describe as ']]1:,'[.[!“1|1‘_-,‘~1¢."~

THE METAPHYSICS (1670s=): What holds tor the real num-
bers also holds for the “hyperreal” numbers (essentially., the
reals and the infinitesimals/ differentials), with some excep-
tions (in this case. ignoring higher differentials).
Basic ProBLEM: To determine which concepts and re
sults of the calculus are transterable trom the reals to the
hvperreals. Put another way, to give precise meaning to the
cxeeplions,

It took 300 vears to fix the problem, to turn the meta-

physics into mathematics. The tixing was done by Robinson.

THE MATHEMATICS (1960): Robinson's nonstandard analvsis.

Robinson and Keisler explain the long delay:

What was lacking at the time |of Leibniz| was a formal

language which would make it possible to give a pre

cise expression of, and delimitation to, the laws which
were supposed to apply equally to the finite numbers
and to the extended system including infinitely small and

infinitely large numbers [32, p. 2606].

'he reason Robinson’s work was not d ne sooner 1s

that the Transfer Principle for the hyperreal numbers is
4 type of axiom that was not familiar in mathematics un-
til recently (17, p. 904]
'he “formal language”™ was model theory, and the “Trans-
ter Principle™ was a law that decreed the conditions under
which transferability of concepts and results between the
reals and hyperreals was permissible

Robinson saw nonstandard analysis as a vindication of
Leibniz's (and Euler's) use of infinitesimals) [32. p. 2l. As
he put it: “Leibniz’s theory of infinitely small and infinitely
large numbers, . In spite of its inconsistencies. . . . may
be regarded as a genuine precursor of the theory in the
present book™ [32. p. 269]. He argued. moreover, that the
history of the calculus had to be rewritten in light of non-
standard analysis (27, pp. 260-261]. Bos. in a spirited re-
ioinder, objected to these views |5, PP 81-86l. As far as
the Principle of Continuity goes, we do not claim that the
Leibnizian calculus marched inexorably towards its natural
resolution in nonstandard analvsis, only that Robinson’s
work provided a rigorous justification of Leibniz's use of

differentials. The same comment applies, muttatis mutcan-




dis, to our other examples. All that we claim in each case
of transition from the metaphysics to the mathematics is
that the latter was a suitable rigorous formulation of the

former, not that it was the only way one could have gone

(b) Already in the seventeenth century. but especially in
the eighteenth, power series became a fundamental tool
in analysis. They were usually treated like polynomials.
with little concern for convergence (but see [23]). The op-
erative (and philosophical) principle, even if not explicitly
stated in general form, was that the rules applicable to
polynomials could also be applied to power series. New-
ton, Euler, and Lagrange (among others) subscribed to this
VIEW,

An excellent example of Euler’'s use of these ideas is his
discovery/derivation of the formula

l + ' J's g

'his is how he argues: The roots of sin x are 0. = X2,

= )

3. . . . These. then. are also the roots of the “infinite

polynomial™ x — x7/3! + x°/5! which is the power-

series expansion of sin & Dividing by x. hence eliminating
the root x = 0, implies that the roots of 1 — x=/3! + x'/3!

ity Ly =
'.I:H_ Ty i ¥ BT

Now, the infinite polynomial obtained by expansion of

[ttL' 1'1‘|l'ii".'llL' |'*['L H.|5.h. l

1 = x=/7°)[1 — x=/Q2m-N1 — x=/(3m)"]

has precisely the same roots and the same constant term

as 1 = x</3 + xS . hence the two infinite poly-

nomials are identical (cf. the case of “ordinary”™ polynomials):

/S

= |1 — x</7*N1 — x*/Cw“l]

x=/(3m)

Comparing the coefficients of x-
1/ 3! 11 + 1/4

weget 1 +1/22+ 13+ ... =7%6

on both sides vields
2y + 1/ Ow) |. Simplifying,

What a tour de force! One stands in awe of Euler's wiz-
ardry. The result was quite a coup for him: Neither Leib-
niz nor Jakob Bernoulli was able to find the sum of the se-
ries 1+ 1/2c+ 1/3* + 1/4- + Note that, as in the
previous example, discovery and demonstration went hand-
in-hand, although even some of Euler's contemporaries ob-

iected to his demonstration

THE METAPHYSICS: What holds tor polynomials also holds

for power series

Basic PROBLEM: Justification of “algebraic analysis™ (a term
coined by Lagrange). That is, how do we justity analytic
procedures by using formal algebraic manipulations?
What made seventeenth- and especially eighteenth-cen-
tury mathematicians put their trust in the power of sym-
bols? First and foremost, the use of such tormal methods
led to important results. Moreover, the methods were of
ten ;{I‘J]“}l'!::t] 1O Pre blems, the reasonableness of whose so-
lutions “guaranteed” the correctness of the results and, by
implication, the correctness of the methods. In an interest-
ing article on eighteenth-century analysis, Fraser puts the

issue thus (12, p. 331

The 18th-century faith in formalism. which seems to us
today rather puzzling, was reinforced in practice by the
success of analytical lalgebraicl methods. At base it rested
on what was essentially a philosophical conviction
Those attitudes gradually began to change. Two very im
portant “practical” problems—the vibrating-string problem
and the heat-conduction problem (of the eighteenth and
early nineteenth centuries, respectively )—raised questions
about central issues in calculus that could no longer be ad
dressed by algebraic analysis. Thev necessitated, in partic
ular, the claritfication of the concepts of function, conver-
gence, continuity, and the integral. This Cauchy proceeded
to do. Thus,
THE MATHEMATICS: Cauchy (1820s) provided rigorous
foundations for analysis by eliminating algebra as a foun
dational basis for calculus. He put it thus [14, p. 6]
As for my methods, | have sought to give them all the
rigor which exists in |[Euclidean] geometry, so as never to
refer 1o reasons drawn from the generalness of algebra
Reasons of this [latter] type, though often enough admit-
ted, especially in passing from convergent series to diver
gent series, and from real quantities to imaginary expres
sions, can be considered only as inductions, sometimes
appropriate to suggest truth, but as having little accord
with the much-praised exactness of the mathematical sci
ences Most [algebraic] formulas hold true only under
certain conditions, and for certain values of the quantities
they contain. By determining these conditions and these
values, and by fixing precisely the sense of all the nota
tions I use, I make all uncertainty disappecir
Cauchv accomplished the task by selecting a few funda
mental concepts, namely limit. continuity, convergence. de
rivative, and integral, establishing the limit concept as the
one on which to base all the others. and deriving by tairly
modern and rigorous means the major results of calculus
'hat this sounds commonplace to us today is in large part
a tribute to Cauchv's program—a grand design, brilliantly
executed
Cauchy’s new proposals for the rigorization of calculus
generated their own problems and enticed a new genera
tion of mathematicians to tackle them. He, too, was not im
mune to occasional metaphysical reasoning. For example
he believed that every continuous function is differentiable,
except possibly

at isolated points. and he

proved he

following

THEOREM (1821): An infinite sum (a convercent series) of

continuous functions is a continuots function

THE METAPHYSICS: Continuity of tunctions carries over from
finite to infinite sums

Cauchy’s proof of the above theorem relied on infini-
tesimals; this masked the distinction between pointwise and
uniform convergence of a series of functions. For an analy
sis of where Cauchy went wrong see [6]. Laugwitz | 28] ar
gues that with an appropriate interpretation ol Caug hv's use
of infinitesimals his proof can be made rigorous

In 1826, Abel gave a counterexample to the above the-
orem. He put it delicately [6, p. 113]




But it seems to me that this |L.|Lui}3*~| theorem admits
exceptions. For example, the series sin x — 1/2 sin 2x +
1/3 81N 3X _is discontinuous for every value (2m +

) of x, m being a whole number. There are, as we

know, many series of this Kind. [Note: sin x = 1/2 sin
/3 sin 3x =x/2forxe(—mm. but if x
m/2F sin w— 1/281n 27 + . 0.]

We should !w'k'ﬂ in mind that the concepl Of lL'H"I’Il'l['lLI'li‘_-r IS
veryv subtle and was not very well understood in Cauchy's
time. Moreover, “the fact that a statement has been refuted
does not mean that it will be clear where the incriminat-
i!‘.l',ﬁt ]‘H*iﬂl lies™ |0. P. 202]. The fact that there are ditferent

wavs o consider convergence ol series of functions

emerged only gradually over the next several decades

THE MATHEMATICS (LATE 1840s): Scidel and Weilerstrass
introduced (independently) wuniform convergence |6]. 1t is,
of course, a uniformly convergent series of continuous func-

tions that must be continuous

Algebra

For about three millennia, until the early nineteenth cen-
tury, “algebra”™ meant solving polynomial equations, mainly
of degree four or less. This is now known as classical al-
L:L'ir”'cf’. By the early decades of the twentieth century, al
gebra had evolved into the study of axiomatic systems,
known collectively as abstract aloebra. The transition oc
curred in the nineteenth century. In the first example. [ to
cus on one aspect of this transition: English contributions
to algebra in the first half of that century

(a) The study of the solution of polynomial equations in

e\ i].lt“]‘-. |ui|_|- 1O 1a study of the nature and Pr .']H:]'lik'*-u 0]

various number systems, tor of course the solutions of the
equations are numbers. Thus the study of number systems
constituted an important aspect of classical algebra

The negative and complex numbers, although used fre
hteenth century (the Fundamental Theo

al

quently in the ei
rem of Algebra made them indispensable), were often
viewed with misgivings and were little understood. For ex-
ample, Newton described negative numbers as quantities
“less than nothing,” and Leibniz said that a ul.'];]]‘llt,"\ num
ber is “an amphibian between being and nonbeing.” Al-
though rules tor the manipulation of negative numbers,
such as (=1)(—=1) = 1, had been known since antiquity, no
mathematical justification tor these rules had been given
in the past

During the late eighteenth and early nineteenth centuries,
mathematicians began to ask why such rules should hold.
Members of the Analytical Society at Cambridge University
made important advances on this question. In the early
nineteenth century Mathematics at Cambridge was part of
liberal arts studies, and was viewed as a paradigm of ab-
solute truths emploved for the logical training of voung
minds. It was therefore important. these mathematicians felt,
to base algebra, and in particular the laws of operation with

negative numbers, on firm foundations [31].

Basic PrRoBLEM: To justity the laws of manipulation with

negatve numbers. For i_'\lt'lT]1-"||L_'. whyv is(=1u=1) = |7

The most comprehensive work on this topic was Peacock’s
(1791-1838) Treatise of Algebra of 1830 (improved edition.
1845). (Peacock and other members of the Analvtical Soci-
ety were building on the ideas of seventeenth-century con-
tinental mathematicians [25].) His main idea was to distin-
guish between “arithmetical algebra™ and “symbolical
algebra.” The former referred to laws and operations on
symbols that stood only tor positive numbers and thus, in
Peacock’s view, needed no justification. For example,
a — (b= =a— b+ ¢ is a law of arithmetical algebra
when b > cand a> b — ¢ It becomes a law of symboli-
cal algebra it no restrictions are placed on a, b, and ¢ In
tact, no interpretation of the symbols is called for. Thus symi-
bolical algebra was the subject. newly founded by Peacock
(and others), of operations with symbols that need not re-
ter to specitic objects, but that obey the laws of arithmeti-
cal algebra. (Cf. Newton's designation of algebra as “uni-
versal arithmetic™.)

Peacock justified his identification of the laws of sym-
bolical algebra with those of arithmetical algebra by means
of his Principle of Permanence of Equivalent Forms. It said
that [31. p. 38]

Whatever torm is Algebraically equivalent to another,

when expressed in general symbols, must be true what-

ever those symbols denote. Conversely, if we discover
an equivalent form in Arithmetical Algebra or any other
subordinate science, when the symbols are general in
form though specitic in their nature li.e., referring to pos-
itive numbers|, the same must be an equivalent form,
when the symbols are general in their nature li.e., not
referring to specitic objects] as well as in their form.
In short. the laws of arithbmetic shall be the laws of algebra.
What these laws were was not made explicit at the time.
I'he laws were claritied in the second halt of the nineteenth
century, when theyv turned into axioms for rings and fields
1201, [21].

[t is noteworthy that what we do in trying to clarify the
laws that numbers obey is not very different from what Pea-
cock did: we too decree what the laws of the various num-

ber systems shall be. These decrees we call axioms

THE METAPHYSICS: What holds tor positive numbers holds
for negative numbers,

Peacock’s Principle of Permanence turned out to be ven
useful. For example, it enabled him to prove the following

THEOREM (1845): (—a)(—b) = ab.

PROOF. Since
(a — D¢ cf) ac + bd — ad — b (**)

band ¢> d.
it becomes. ]‘“j. the Principle of Permanence. a law of SVI-

1s a law of arithmetical algebra whenever a >

bolical algebra. which holds without restriction on a. b. c,
d) = bd.

Peacock’s work, and that of others, signalled a fundamental

d. Letting @ = 0 and ¢ = 0 in (**) yields (—h)

shift in the essence of algebra from a focus on the meaning
of symbols to a stress on their laws of « peration. Witness Pea-

cock’s description of symbolical algebra [31, p. 30




In symbolical algebra, the rules determine the meaning
of the operations we might call them arbitrary as-
sumptions, in as much as they are arbitrarily imposed
upon a science of symbols and their combinations, which
might be adapted to any other assumed system of con-
sistent rules,
This was a very sophisticated idea, well ahead of its time.
In fact, however, Peacock paid only lip service to the ar-
bitrary nature of the laws. In practice. they remained the
laws of arithmetic. In the next several decades i'l‘l:_{]i"‘tl

mathematicians put into what Peacock had

}T['Llﬁ.'[lL'L_'
preached by introducing algebras with properties which dif-
fered in various ways from those of arithmetic. In the words
of Bourbaki [7, p. 52,
The algebrists of the English school bring out first, be-
tween 1830 and 1850, the abstract notion of law of com-
position, and enlarge immediatelv the field of Algebra
by applyving this notion to a host of new mathematical
objects: the algebra of Logic with Boole, vectors, quater
nions and general hypercomplex systems with Hamilton,
matrices and non-associative laws with Cavley.
Thus, whatever its limitations, symbolical algebra provided
a positive climate for subsequent developments in algebra.
Laws of operation on symbols began to take on a life of
their own. becoming objects of study in their own right rather

than a language to represent relationships among numbers.

THE MATHEMATICS: Advent of abstract (axiomatic) think

ing in algebra.

(b) Here is a sixteenth-century application of the Principle
of Continuity: For centuries mathematicians adhered to the
tfollowing view concerning square roots of negative num-
bers: since the squares of F'n:milik e as well as of negatve
numbers are positive, square roots of negative numbers do
not—in fact, can not—exist. All this changed in the six-
teenth century, following the work on the solution of equa-
tions of several Italian mathematicians.

A solution by radicals of the cubic was first published by

Cardano (1501=-70) in The Great Art (reterring to algebra) of

1545. What came to be known as Cardano’s formula for the
solution of the cubic x-

x= V b2

= ¢ax + b was given by

Vb 2y —(¢a 3)-

Vb2 = Vb2)y

(c1/3)

Square roots of negative numbers arise “naturally” when
Cardano’s formula is used to solve cubic equations. For ex-
ample, application of the formula to the equation x° = 9x +
2 gives x=V1+V=-26+V1-V-26

What was one to make of this solution? Since Cardano was

suspicious of negative numbers, he certainly had no taste for
their square roots, so he regarded his formula as inapplica-
ble to equations such as x7 = 9x + 2. He concluded that such
expressions are “as subtle as they are useless”. Judged by past
experience, this was not an unreasonable assumption.

Bombelli
(1526-72). In his important book Algebra (1572) he applied

The crucial breakthrough was achieved by

= 15x + 4 and ob-
tained x=V2+ V-121+ V2 - V-=121. But he could
not dismiss this solution, for he noted (by inspection) that

Cardano’s formula to the equation x~

X=4is :ll*m a root of this equation. (Its other two roots

—2 * V3, are also real.) This gave rise to a paradox: while

all three roots of the cubic &7 = 15x + 4 are real. the for

mula used to obtain them involved square roots of nega

ive numbers—meaningless at the time.

Basic PROBLEM: How was one 1o resolve this [:,|5'_[Lln X 7

1":1”1!]1&;]“ .lLlH[HL'd 1]11: f'lll:_“w for 1'1‘;:| l[tl;t1‘|[iliL_'- O Mmad

nipulate “meaningless” expressions of the form a 4 -b

(h>0), and thus managed to show that V2

hence that

and V2-V-121=32~1%\
i FV=1) + (2

29, p. 18]

THE METAPHYSICS: What holds tor real numbers also holds
tor complex numbers.
Bombelli

1ad given meaning to the "meaningless” by

thinking the “unthinkable”, namely that square roots of neg-
ative numbers could be manipulated in a meaningful way
to vield significant results. As he put it [29, p. 19],
[t was a wild thought in the judgment of many; and 1 too
was for a long time of the same opinion. The whole mat
ter seemed to rest on sophistry rather than on truth. Yel
[ sought so long, until T actually proved this to be the case
This was the birth of complex numbers. But birth did not
entail legitimacy. For the next two centuries complex num-
bers were shrouded in mystery, little understood, and of-
ten ignored. Only after their geometric representation in
1831 by Gauss as points in the plane were they accepted
as bona fide elements of the number system. (The earlier
works of '\|'j,ﬁ';|ml and Wessel on this OpIC were nol well

known among mathematicians.)

THE MATHEMATICS: Complex numbers are admitted as le

gitimate mathematical entities

Geometry
For several millennia. until the early nineteenth century.

geometry” meant euclidean geometry. The nineteenth cen
tury witnessed an explosive growth in the subject, both in
scope and in depth. New geometries emerged: projective
geometry (Desargues's 1039 work on this subject came to
light only in 1845), hyperbolic geometry, elliptic geometny
Riemannian geometry, and algebraic geometry. Poncelet
(1788-18067) tounded (synthetic) projective geometry in the
early 1820s as an independent subject, but he lamented its
lack of general principles. The proot of each result had to
be handled diftferently. Thus, the following:

Basic PROBLEM: To develop tools tor the emerging sub-

ject of projective geometry

This Poncelet did by introducing a Principle of Continuity

in his 1822 book Traité des propriétés projectives des figures

THE METAPHYSICS: Poncelet’'s Principle of Continuity |8,
p. 136]:
A property known of a figure in sufficient generality also
holds for all other figures obtainable from it by contin-
uous variation of position.




Note that here we have a tormulation ot the Principle ol
Continuity in which “continuity” in the traditional sense en
ters. (This aspect of the Principle of Continuity goes back
to Kepler and Leibniz.) Of course, this formulation also falls
under the rubric of the Principle of Continuity that I have
given. namely that “what holds in a given case continues
10 hold in what appear to be like cases™. Here the transi-
tion from a given case to what appears to be a like case
is achieved via continuity in the traditional sense, whereas
in the other examples we have considered (and in the ones
that follow in the next section), the transition is achieved
by extending the domain under consideration

\s an elementary illustration of his Principle, Poncele

cited the well-known (and easily established) theorem about

the equality of the products of the segments ol intersect-

ing chords in a circle: PB X PB" = PA X PA" (Fig. 1). The

Princ !]ﬂu. Of Continunty then iu:piia;x that also PB X PB

PA X PA’ (Fig. 2) and PB X PB’

A\ much more substantial result that Poncelet proved us

(PT)- -;||~_1 3)

ing his Principle of Continuity was the so-called Closure
Theorem

CLOSURE THEOREM: Let C and D be two conics. Let Py be
a point of C and L; a tangent to D through P,. Let P, L;.
Py Lo Pe. ] be a

Poncelet transverse”™ beiween C
and D, that is, P, 1s on C, L 1s tangent to D and P; is the

intersection of | and L; (Fig. 4). We say that the Pon

celet transverse closes after n steps it P,,. = Py. The clo

I

sure theorem says that if a transverse, starting at P, on C,
closes after n steps. then a Poncelet transverse trom (i)

point on C will close after n steps (Fig. 5)

I'hus. it there

is one inscribed n-gon between C and D, then there are
infinitely many such »-gons. (Poncelet’s formulation of this
result is somewhat different [4)),

Bos et al. give three different proots of the Closure The
orem: Poncelet’s, in 18131814, using the Principle of Con-
tinuity, Jacobi’s, in 1828, using elliptic functions, and Grit-
tiths's, in 1976, using elliptic curves [4].

'he Principle of Continuity was criticized (by, among
others, Cauchy) tor being vague, but it was a powertul tool,
used by Poncelet to great effect to establish projective geom-
etry as a central discipline. (It was he who coined the term
‘principle of continuity™.)

\ natural question arose: What is projective geometry?
['wo major issues emerged: the relationship of projective to
cuclidean geometry and the validity of the principle of du-
ality. For Poncelet, the major problem of projective geome-
try was the determination of all properties of geometric fig-
ures that do not change under projections. In  his
development of the subject he used notions from euclidean
geometry (length and angle). To him, projective geometry
wis a subgeometry of euclidean geometry. Other geometers
began to believe that projective geometry is more basic than
cuclidean geometry. In 1859 Cavley showed that, in fact. eu
clidean geometry is a subgeometry of projective geometry.,

Poncelet and others tormulated the principle ot duality
1 p!'uiL’tii\ ¢ geometry. .\ll]‘lul_l;_{!! 1 J}‘riu';ll't'kl to be a work-
ing principle, its validity was in question. A vigorous de-
bate raged in the early decades of the nineteenth century

about the relative merits of the synthetic versus the ana-




lytic approaches to geometry. The principle of duality seems
to have been a test case for the two schools of lhuug_’,lil.
Poncelet, as we noted, developed projective geometry syn-
thetically. Gergonne and Plicker were fervent proponents
of the analvtic approach. Both introduced homogeneous
coordinates: this made the principle of duality (analytically)
transparent. In 1882 Pasch supplied an axiomatic treatment
of projective geometry, which made the principle of dual-
ity synthetically transparent.

[n the second half of the nineteenth century the ques-
tion about the nature of projective geometry was incorpo-
rated in a broader question: What is geometry? There were
good reasons 1o pose this question,

The nineteenth century was a golden age in geometry,
New geometries arose (as I have mentioned). Geometric
methods competed for supremacy: the metric versus the
projective. the svnthetic versus the analytic. And important
new ideas entered the subject: elements at infinity (points
and lines), use of complex numbers (e.g.. complex projec-
tive space), the principle of duality, use of calculus, ex-
tension of geometry to n dimensions, Grassmann's calcu-
lus of extension (this involved important geometric ideas),
invariants (e.g.,
forms), and groups (e.g.. groups ol the regular solids). An
important development was Klein's proof that not only eu-
clidean, but also noneuclidean geometry (both hyperbolic
and elliptic) are subgeometries ol projective geometry. For
a time it was said that “projective geometry is all geome-

try”. A broad look at the subject of geometry was in order.

THE MATHEMATICS: Klein's definition ol geometry: the Er-
langen Program (1872) [18].

In a lecture at the University of Erlangen. titled A Com-
parative Review of Recent Researches in Geometry, Klein

classified the various geometries using the unifying notions

of group and invariance. He defined a geometry of a set §

and a group G of permutations of § as the totality of prop-
erties of the subsets of § that are invariant under the per-
mutations in G. This conception of geometry, although not
all-encompassing (for example, it excluded Riemannian
geometry, of which Klein seems to have been unaware in

the Cavley-Sylvester invariant theory of

1872), had considerable influence on the development of
the subject 3]

Under Klein's view of geometry, projective geometry (say
of the plane) is the totality of properties of the projective

plane left invariant under collineations (those transforma-

tions that take lines into lines). As for Poncelet's Principle
of Continuity, its "mathematical content is today reduced to
the identity theorem for analytic functions and the funda-
mental theorem of algebra™ [8, p. 136]—which sounds like
a declaration that today it must not be applied as a prin-

k'iph'.

Number Theory
The study of number theory goes back several millennia.
[ts two raain contributors in ancient Greece were Euclid (ca
300 BC) and Diophantus (ca 250 AD). Their works ditter
fundamentally, both in method and in content. Euclid’s com-
prises Books VII-IX of the Elements and is in the “theo-
rem—proot” stvle. Here Euclid introduced some of the sub
ject’'s main concepts, such as divisibility, prime and
composite integers, greatest common divisor, and least com
mon multiple, and established some of its main results,
among them the elucidean algorithm, the infinitude ol
primes, results on perfect numbers, and what some histo-
rians consider to be a version of the Fundamental Theo-
rem of Arithmetic. (Much of the number-theoretic work in
the Elements is due to earlier mathematicians.)
Diophantus’s work is contained in the Arithmetica—a

collection of about 200 problems, each giving rise to one

or more diophantine equations, many of degree two or
three. These are equations in two or more variables, with
integer coefticients, for which the solutions sought are in
tegers or rational numbers. Diophantus found rational so
lutions for these equations, often by ingenious methods.
Their study has, since Diophantus, become a central topic

in number theory [2], [34].

Basic ProBLEM: To develop tools tor solving diophantine

equanons
Let us consider two celebrated examples

(Il] X+ 2= _l';. This is a H]'JL'HJ] case of the Bachet cqua-
tion, A~ + k= )” (k an integer), which is an important ex-
ample of an elliptic curve. The case x= + 2 = ) appears al-
ready in the Aritbmetica (Problem VI.17). Fermat gave its
positive solution, x = 5, y= 3, but did not publish a prool
of the fact that this is the only such solution. It was left tor
Euler, over 100 years later, to do that

Euler introduced a fundamental new idea to solve x= +

o — r-'z

&=, He factored its left-hand side, which vielded the
equation (x + V 2iXx — V2 = »°. This was now an equa-
tion in a domain D of “complex integers”, where D = {a +
bV 2i: a, b€ Z1. Here was the first use of complex num
bers—"foreign objects™—in number theory,

Euler proceeded as follows: It a. b, ¢ are integers such that
ab= ¢, and (a.b) =1, then a= 1’ and b= ¢°, with u and
v integers. This is a well-known and easily established resul
in number theory. (It holds with the exponent 3 replaced by
) Euler
carried it over—uwithout acknowledement—o the domain .

any integer, and for any number of factors a, b, .




V2ilx— V2H =)

| (Fuler claimed. without substantiation. that (=1 1im-

Since (o and (x V2i x— V2 =

nlies (m 4+ n\V 2i. m nv 21 1)), it follows that
v+ V2i=(a+ bV2D (¢’ — Oalr (3ec=b— 2H°)V 2i

for some integers @ and b, Equating real and imaginary
DAILS. We get X = d OGalr and 1 3a-b — 20 A Aar-
20, Since a and b are integers, we must have a ssff
f) | "'k'i'u X i T 3 Illk S, LIen. are R onilv so
lutions of x- + 2 | 34]. Now to our second L'\JH]I“‘ll.'

(b) /' + 2

fore the Paris Academv 1o have proved Fermat's Last Theo

pan odd prime. In 1847 Lame claimed be-

rem. the unsolvability in integers of this equation. as follows:
Assume thal the equanon x° - g cis 1NIEZer solu
tions. Factor its left-hand side 1o obtain
\ 1'N i | _.'lI T 1 | | T f : | |
where i 1s 4 promitve 2-th root of 1 (that 1s 1S a4 1ool
. |
| . 1 | ||. % Iy e2C1e1cal imm 1 e | V110 11
L} \ i .|:\"' !“ |!|"\"\- alll K '|l....|' i1 111 Ll L .||.||]|
. 1
/) i L { { / I sO-called
f i
L i T | f o
Lame ¢la ed. not Nike | i | S1NCE i HOCULUCT
i l 14 | i . , s e e f .
L L11K 1L Ll DIl SICIK 1| gy F LA Wy L 1 .L-]"
must be a f power, (By muluplication by an appropri
=

z _a 1 1.1 ¥ v | . ¥ . i1 "
11¢ CONstant,. e wiis 4dble 10 make e 1actors relanvely
DI pairs. ) He then showed th nNere ar legers 1
/ ' SLK T f (! Vi { - Lontmuime
this process dad mfinitiem leads 1o a contradicuon. So Fer
i | iy L 1
ITlcil 5 Lals 1 IDOOT¢ 11 Wil ]",ll-.ll,.

t:,. |||! | L by | [ I'=|‘ e I'- (Ms LT s !, ||l1L _‘|!!|'a\_'|._|_

T T A TR :

n the assumption—which they both implicitly made—tha
the domains under considerati L [/ | [Jy,) POSSESS LN L
IAClOnNZ4a 11

THE METAPHYSICS: [he unique lactorization

[ . | 1.1 1 [ . i
wWihich noids or (he domam ol Orx

1 11 il 1 1 1 111 1| [ 1 )
|"|l"-.|i|' IS | MIAINS | COYm

¥ 1
OF course, this 1s not alwavs the case. W hile unique tac
firt ||| 1 r) .i“l'll |-I 'I_nl f I_‘ i ..,IIH"' [ ‘|"_||
, .
TOr all 23. S0 Euler's proot was essel LIV correct, while
1 - 3 3 .
Lame’'s fale [Or al 23, Bul Vs Irving [orce b
hind important developments. Mathematicians began 1o ad-
dress the guestions: For which Inlewed ONnuns (sucn as
N and .. above) d e Fartmrtgatinn haldd %7
7 and i ADOVE ) does unique actonzanon nolds W hat s
an “integer domain™? When unique factorizauon fails, can
Il DE restored 1N some wavy

THE MATHEMATICS: The studv of unigue factorization in
!|'|I*~ |k1| In the second Ei.l'f (] 'I".&' nine

various domains

teenth century to the introduction of tundamental

I:;L'|‘![L1 14
concepts, such as ring, ideal, and field, and 1o the rise, in
he hands of 1o nd Kro i S
the hands of Dedekind and kronecker, ol cHgenraic nin-

N _-r-l'| { |."': .!"

Concluding Remarks
Underlving the use of the Principle of Continuity is the ten-
ston between rule and context. In the tinal analvsis, con-

[eXI 1S Of COl

irse all-important, but the rule took centre-stage

in the mathematical breakthroughs 1 have discussed. Even
the cases in which the Principle of Continuity was inap-
plicable—the cautionary tales, it you will—were often start-
ing points for fruitful developments (cf. Lamé’s “proot™ of
Fermat's Last Theorem)

The interplay between rule and context, between com-

mwitalion .|1‘||._E concepiuad
| .

ization. berween '.IllLf_Hl'i[h[H and
proof, is central in mathematics—both in research and in
teaching. Whitehead and Freudenthal give expression to

i
L

some of these thoughts:

[t is a profoundly erroneous truism, repeated by all copy
books and by eminent people when they are making
speeches, that we should cultivate the habit of thinking
of what we are doing. The precise opposite is the case.
Civilization advances by extending the number of im-
portant operations which we can perform without think-
ing about them. Operations of thought are like cavaln
charges in battle—they are strictly limited in number,
they require fresh horses, and must only be made at de-

cisive moments [36. pp. 41—42]:

| have observed, not only with other people but also

with mysell that sources ol insight can be L'|L1j_{j_LL'L1

by automatisms. One finally masters an activity so per

tectly that the question of how and why is not even
asked any more, cannot be asked any more, and is not
even understood any more as a meaningful and relevant
question |13, p. 409

'he Principle of Continuity is of course not a universal law.

[n particular, there are many important instances in which

progress was made by disregarding it, bucking what ap

peared to be immutable laws. Three examples tollow.,

(a) Ignoring the commutative law of multiplication (which
had been a sine gua non tor number systems) in attempts
1o extend the multiplication of complex numbers to triples
cnabled Hamilton in the 1840s to invent discover quater-
nions [10

(b) Ignoring the law that the whole is greater than any of
its parts (one ol Euclid’'s “common notions™) overcame a
major obstacle in Cantor’s introduction of intinite cardinals
and ordinals in the 1870s [10].

(¢) lgnoring the received wisdom that a function must be
given by a formula or a curve (the seventeenth- and eigh-

leenth-century view of functions) enabled the introduction
of “pathological™ functions (e.g., evervwhere continuous
and nowhere difterentiable functions) and the rise of math-
ematical analvsis [22]

'he Principle of Continuity can be thought of as an ar-
gument by analogy. 1 have only scratched the surface ol
this vast topic. See, for example, Polya’s superb Matbe-
matics and Plausible Reasoning, which is addressed to stu-

 #

dents and teachers |_“'~”| In this article 1T have considered a
rather restricted notion of analogy, in which mathematical
arguments, objects, or theories are carried over from given
cases to what appear to be like cases (e.g., from positive
to negative numbers, real to complex numbers. polynomial
to power series, and ordinary integers to “complex inte-
gers™ ). And—most important—in the examples [ have given,
mathematicians assumed that the analogies were valid.
The power of analogy in mathematics often stems from

seeing similarities between theories not readily visible to




the "naked eve”. And, of course, nowadavs we would have

to prove that the analogies held. The following is an im
portant example ol analogy (a Principle of Continuity, i
vou will) in this broader sense

In the 18350s Riemann introduced the fundamental notion of

} i i " i § . | " i
a Riemann surtace to study algebraic functions, But his meth

ods were nonrigorous. Dedekind and Weber, in an impor-

tant 1882 paper, set themselves the task of “justityling] the
theory of algebraic functions of a single variable from
simple as well as rigorous and completely general viewpoint

=7 =

127, p. 154). To accomplish this, they carried over to algebraic
functions the ideas that Dedekind had introduced in the 1870s
tor algebraic numbers. This was a singular achievement, point-
il‘l_'_'; O what was 1o become an IMportant analoev between
algebraic number theory and algebraic geometry 21

F = T + ..'. + . - - | - = %
See |9, Chapter 135] tor further remarks on anal
| .

ogy in mathematics
| conclude with a quotation from Michael Ativah's 1975
Bakerian Lecture on Global Geometry (1, p. 717]
Mathematics can, I think, be viewed as the science of

analogy, and the widespread applicability of mathemat

ics in the natural sciences, which has intrigued all matl

ematicians ot a philosophical bent, arises trom the ftun
1 = ™ | - | . | 1+ 2 - v 3 T | .
damental role which comparisons play in the mental
process we refer to as ‘understanding
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be at work in the same man. Thus,

rom the same man two J[H]HH{ Ir

reconcilable  gifts are requested

eifts from his intellect as well as from

I

|!i*~ ]I«L'.lr"i_ I'his controntation. one

fl'-il',i;"-l sav ‘clash’. of the endeavor to
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from the documents
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under which this. alwavs
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In other words, a special Kind of men

tal aperture is required to undertake
and accomplish the

Nnecessary mnqguir,

into science and its historical context.
But the gifts of the historian ol science
are often underappreciated. In the past,

b

an historian of mathematics risked be-

!
]

ing considered something of a pariah

in the eves of his mathematical col-
leagues: if he were really good at math-

ematics. he wouldn't do history. would

he? Manv like to think that this men

talin

is Obsolete today, but it lurks in
the shadows still

Interdisciplinary studies, tor all the lip
service given to them, are no less dodgy.
extraordinary mental a

: ,
[t takes an ET-

ture to look outside the limits of one’s
own discipline to find inspiration or clar-
ity in another. The simple question of
rofessional language or vocabulary can

I
!
be one barrier, perhaps particularly in

the case of mathematics. But territoria
protectionism c¢an also be a barrier to
understanding the viewpoints of other
disciplines. The scholars who attempt
to cross disciplinary borders are often

harshly criticised by practitioners of the

other discipline as unprepared to ad-
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ment that Alexander

places on his
shoulders

On the other hand. 1 telt that the sin

gle section of chapter six, titled “The Hid

den Troves of Mathematics: Indivisibles

are the Mathematics of Exploration”™, in

which the work of Hariot is placed in

PtW“EhwllhmﬂEﬂJIH“[]ht'HE‘H\W-4 Galileo

i | g 11
Cavalieri. and Torricelli on indivisibles

A1 ﬂiJH“~w.nLaleh-ﬂr-ﬁ|1n|H:wH~h Into

an aleebraic “arithmetic ot intinites”, did

more 1o place Hariot in his proper con

text than the narrative ol exploration

Yes, there exists a linguistic similarity b

ween Hariot's mathematics and explo

ration (the simile of labyrinths): ves,

there is an attinity of approac h (the need

| - 1
1o see and describe clearly the shape ol

thines): but these attinities are less con

pelling (to this reviewer) than the rel;
tionships between Hariot's mathematical

ideas and those O men who were Work

ing on similar ideas. It seems to me sim

ply that Hariot's mathematics are

maore meaninetul against 2 mathematical

background than against a cultural b
oround
\lexander's research on Ha

which represents an exploration

self, as much of Hariot's matl

| ] . " | | yan =1 | |
work i1s unpublished and had to

1

[ ] P T i % T i 1 % |
constructed from IhL'HHkII“iH.IH-:la'

Similarlv admirable

1TSS, 1S

1S 1S venuring oulside mathematcs

| : | 3 i e
like a true CXDIOrel O construct the

1 L . |" ® 1 "y | | |
narrative ol geographical exploration, |

am unsure how the hinal re

] 1 |
SLICCCSSIL

sult 1s. 1 tound it ditticult o shift be

tween the narrative ol geographical ex

ploration and the narranve

exploration ol ibmitesimals

minded of how Jonathan Swilt wa

""!"ilm| by the detormed image

microscope and magnifying

| il 3 e
credate nis myimecal nations o

1% 1 1
I:.||||'!1L|'I_.|_;|II|.‘_1\I 'i.'..l'-ll r"nl."

.Il'ILl

exploration in itsell: going back

forth between the two to find overa
Ching univing pringi

ples mieht overtax

" " | . .
the armchair explorer
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lhe word ‘icon

1T1EES

nNas Many mean

[ ] 1 \ \ 'II I'I
One ol them., which h

been gaining frequency in use, is
detined by Oxford English Dictionary

Z001) as person or thine regarded

as A representative symbol, esp. of

Culiure or movement; a PeTrsoOn 1msii

ete.. considered worthy of ad

Certainly, Einstein

MIration on respedl

s an icon of physics, and even of sci

dU large, and so 1s nis 'L'n;IH.llIHI'!

i undoubtedly the most fta

mous equation in the world. This one

liner is typically portrayed in many 1

. " = gy )
NIirt designs, |I"_1L'||Ik'1 WiIillh BInstein s

—

stragely hairstyle and a looming nu-

lear mushroom cloud in the back

Sander Bais, a Dutch physicist at the
L'niversity of Amsterdam, has compiled
in a small book 17 fundamental equa
LHONS, Or systems of L,'nill.llilﬂ‘-w Ol :“.”h

ematical physics. The beautitul lavout,

desiened by Gijgs Matthigs Ontwerpers,

il
|

represents the chosen formulas as colon

plates of white on red. Each equation

is accompanied with a non-technical

historical summary. The tollowing equa-

HHONS

are included: (1) the logistic equa-

tion, or Verhulst equation, (2) Newton's

:.I‘u"u“w. (3) the Lorentz torce. (4) ':].”li'

continuity equation, (5) the Maxwell

cquations, (0) the wave equations, (7)

the Korteweeg-De Vries equation, (8)
the three laws of Thermodvnamics., (9)
Boltzmann

the (10)  the

. 1 - e =
Navier-stokes ‘L"l’:‘..|||l|||“* (11) the kine

Ik\'L|‘.!,l[';IL 1.

matics equations of Special Relativity,

(12) the Einstein hield equations, (13)
the Schrodinger (14) the

Dirac equation, (15) the Lagrangian of

EI“IJEUIH.

(16) the
Lagrangian of the Glashow-Weinberg

Quantum Chromodynamics,
Salam model, and (17) the superstring
action principle

No one can doubt the importance of
these equations, vet how many of them
have really acquired standing as “icons
of knowledge™ in popular culture? New-
ton’s and Maxwell's laws are certainly
famous enough, and so are the equa-
tions of Einstein and Schrodinger. You
occastonally see them on POSIETS, MUES,
and T-shirts, and on the walls of scien-
tific institutions. The Korteweg—De Vries
equation (KdV, tor short) is a rare mar
vel as it contains a third-order deriva

tive: u, + u, Out, = 0. It might well
be a cultural icon, at least in Bais’'s home
the Netherlands. But all the rest
little

o gain actual

countr

of the tormulas are either oo

| i
RITOWTI, O L0 INIESSY,

ICONIC Sstatus

'he laws of thermody

namics are usuallv noi expressed as

equations at all, but rather in words. For
his 17th entry, Bais cheats a bit. No one
really knows whether Superstring The-
ory will become a fundamental theon
of Nature and what its mathematical
structure will ultimately look like. (Bais
admits this in his commentary. )

Which equations of pure mathemat
ics, if any, are so famous that they have
become icons ol science? Surely, the

Pvthagorean Theorem which is ex-
pressed by the equation a- + b = ¢,
No less tamous is its generalization a”

O = ", which has to do with Fermat's
Last Theorem. The somewhat artificial

statement €7 + 1 =0, reputed to be
the most beautitul formula of mathe-
matics”, must be included. But beyond
these, one is hard pressed to claim that
any equation of mathematics has gained
the status of a cultural icon. For in-
stance, the Riemann Hypothesis is fa-
mous enough but cannot be summa-

rized as a

single memorable

he

casily
formula Continuum Hypothesis,
on the other hand, can be written as a
simple-looking formula, but few people
will grasp its meaning without lengthy
explanations
S SR

the environmental art of

['he Fibonacci sequence
38 13, often occurs in
Merz
and has gained iconic status thanks to

Marzio

him, but can you call it an equation?
Among the more famous physical
equations, Bais misses the equation of

entropy S = &k log W. which has been




carved on Boltzmann's tombstone in
the Central Cemeterv of Vienna. Boltz
there,

mann resis 1in

vith

O n_l C( J]I'I]'J.if]'_‘«

together Beethoven, Brahms,

Mozart, Sc hlll‘.u'ﬂ_ and ftour COMPOSErs

named Strauss. In Westminster Abbey.

the Dirac equation is said to be the

only mathematical equation present

among the commemorative plaques of

=T, 2y v
great Britons

Other !

CATVEed 1n

Jd111000S 1.'l|||‘|||r'|]'|a.
stone include the quaternion
e | - = b 1R |

algebra

inscribed by

Hamilton on the 16th of October 1843

on a stone of Brougham Bridge, not fai

from Dublin. The original inscription is

20O0NC, 'f.'-_'] d cCOmmemaoratve l‘ LIE|l|L' Cell-

rying the same tormula was unveiled in
1958 by Eamon De Valera, then presi
dent of Ireland. The quaternion equa
tions have appeared on Irish stamps

twice (in 1983 and in 2005), so they

have certainly acquired iconic status. at

least in Ireland. Other equations that
have appeared on stamps and on tomb
stones have been discussed, respe

tively, in the Stamp Corner and Mathe
matical Tourist sections of this magazine
over the vears

Sander Bais's book is a plea tor in

serting more  equations  into  public

places. starting from popular books ol

science. “There is a tashionable dogma

about popularizing science, which im-
["I'l. SEes d Velo on '.}'IR_' LiSC |"|l.|.'|:|_.||.i-|||'|1‘|"‘ 111

any popular expose ol science. Some

people hate equations, while others

love them. The veto is like asking some

body to explain art without showing
pictures. In this book, we override the
veto and basicallv turn it around: for a
change, the equations themselves will
be the tocus of attention.’

available in Dutch

Bais's book is also

1] and in German |2]

REFERENCES

kennic Amstercdam Linive i (=T=l=

2] S. Bais, Die Gleichungen der Physik
A A S A [: |k i
vieher f Vioat MrNauser Ve
| »Ialal
al],

Agora Centre
P.O. Box 35

FI-40014 University of Jyvaskvla

B

niand

mail; pekonen@mit.Jyu.t

Collected Works,
Volume 6

I Micheael Ativeh

OXFORD, CLARENDON PRESS, 2004

v + 1030 PP. £100.00. ISBN 0-19-853099-4
THE FULL 6-VOLUME SET OF COLLECTED WORKS

£395.00. ISBN 0-19-852094-8

REVIEWED BY OSMO PEKONEN

Lhere is nothing more exasperat-
ing than a set of collected works
here

with one missing volume

fore, librarians everywhere: please no
tice that a sixth volume of Sir Michael
\tivah's Collected Works has been sep
arately published and should be added
to vour collection

H‘u

|u'.m'L| in

original Collected Works ap

1988 as a ftive-volume set:
Volume 1: Early Papers: General Papers,
5 and 4

lheo

'heory, Volumes
Volume S

Volume 2: K

Index Theory,

Crauge

- ] — | ] i
res. |[lL"‘-l' VOolumes dalready 1tl|]|~|!|]1':.|
a total of 32006 pages. Al that point, 2

i

lesser scientist mieght have been content
M i SO) “.‘-.‘;|||

sixth, 1030-page, vol

and thrown in the towel

Sir Michael. The

ume reaps a rich second harvest ol

mathematical research still at its besi

\tivah’s books on magnetic monopoles

(with Nigel Hitchin) and on knot the

ory are reprinted. Research papers, ¢.g.,
Euler

(with Graeme Segal), on top

(1 characteristics

cquivarant
-|"j_1l-..||
Lagrangians (with Lisa Jefttreyv), on
skvrmions (with Nick Manton). on con
NEuratnons Ol 8 ints on a wpf'_r._'h' {wWith

Paul Sutclitte), and on a variant of K

theory (with Michael Hopkins) are in-
cluded

\ personal tavorite of mine is a beau
tiful paper of 1987 where, in one formula,
a certain relationship arises between the
Ativah, Patodi,

and Singer, on the one hand, and the

topological n-invariant of

number-theoretic Dedekind n-function
on the other. This is an exhilarating co-
incidence, indeed!

Another paper ponders the mysten
of the Neolithic carved stone balls dis-
covered in Scotland which provide per-
solids one

tect models of the Platonic

thousand years before Plato or Pythago

ras (Marshall 1977).

During the period covered in this

volume, Sir Michael occupied important
positions in the administration of sci

ence: He was Master of Trinity College

Cambridee. in 1990-97. Director of the

Newton Institute tor Mathematical

15220

SC1IeNCes {-.i."|'|]i1||'-1'__'_l in 199096, Pres

ident ol the Roval Society in 1990-95

NMIVEersity

ther
()

and Chancellor of Leicester |

Ta Oy TRTRL - ah .
111 l S LI .=..||"||'._l A RN

Hes. Such positions generate the burden

_:]'HI, F‘ilL'_|*-..I|_[l ||1 Dronouncing i_|_|_|l.|_||| IR

and talks. many of

COMmMmemaonrative

been included in the Vol

We have

the work of Ativah's

Wl || niave

Lme O 1. TO1

instance, ap
precianions ol

contemporaries Raoul Bott, Simon Don

aldson. Friedrich Hirzebruch. Kunihiko

Kodaira, Roger Penrose, John Todd, and
Edward Witten.
\ Personal Histor

Alivan s

SUIMNMEITIZES 1he

main « mathemati

vents ol
career bul disappointingly little

tells
about the man’s human side. Ativah's

contributions to the “theoretical mathe

1 1 1
matics’ debate launched bv Jatte and

™ 1 )< " Vi ; | . 3
Quinn in 19935 ar printed, and soO ar

: , ,
philosophical reflections on

|
! f B ' | i L]
.I-".-|||I-'.Iil O Matnemaancs, witn

| — | YT sy - {
specCidl emphadasis on the interacthion ol

geometry and ph Ativah 1s a care

ful reader ot the classics:; he is often
ihle to detect the seeds of the huture of
mathemati n its past. Many ol hi
omments have proved insightful il

taken as predictions of the development

1 ¥ | . i
of mathematical phvsics. 1 don't find
v ™ 1] | I- i &
Ativah  particularl srofound  as 4
nhilosopher of science. though., judeging
bawii 4] I+ 1 terre ] | ot r
by the technical standards ol that pro
fession. His attitude is a prosaic and
ard " : T 5 il | M L
pPragmatic one. tvpical of a creative

mind more keen on concei INg New 1¢

sults than wattling tor too long on thei
Metapnysical or¢ ther hidden meaning
|I|h' |-L"|LEL".

instance., Aln
Chat

[ F |
and Alain Connes's philo

. )
17CLLX

i ||!|i|._ L|I |'-|, !-|,||-_| C.OMEN f'\.{f.'_.'rna'_n'k ||.,' 1||r:'.:l.'|-:|'l

Metter yr'-'.'ch 1."[.".-’.*'-‘:'H.-\r':'.-':;~ with that by

IS

lean Petitot published in the Fall

issue of this magazine. Ativah rejects

Platonic ideal worlds dear 1o Connes as
too difficult to grasp and more modestly
locates mathematical realitv in the “col
lective consciousness of mankind.” He

SCems O agreec maore with Changeux
|]|' |l.| 111

! nhvsical world

the neurologist brain ¢

order to deal with the

sO it should not be v that

LOO SUrPrising
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f 2 woman, but never her sym Carnap and Hans Reichenbach, who at
tended the meeting, reported on the
isn't a bad look at all. It's a bit  proceedings in their journal Erkeinnitiis.

ised, and frustrating in parts, but  they did not even mention Godel or his
competently done. 1 am the wrong  statement

18 \nd vet, Godel's announcement far

outlived anvthing else that was said in

then? | think it would  that meeting three quarters of a century

hool Mathematics Only ago. Though unrecognized by those

So Tasked my son. an  present, Godel's “Incompleteness theo-

lOOK at 11 rem” went to the verv heart of the meet-

ing’s topic., metamathematics, under-

| \|H'! d1nd mimning [l!L' Mmaosl !’Llhll\ .l‘-*~:]‘.|i|[‘llll"l'IH .'*‘_tl'.

w nothing ab the participants took tor granted. At the

stone dropped in a

ations of Godel's

expanding tar bevond

Les and s

parent field

1Nt i‘||!]1 sOPh

v and
» of the nature of

In the end.

announcement

nter of an intel-

ake that would reshape

cape ot 20th century thought
In her beautifully written and capti
Ly .'I'I.'I"-;-i"-.;rlu.l':I.'JI::'-:""-‘\ Hk'ih._'m.._': l.lekl
succeeds admirably well in ex

a the

11
Wis S0, Wiialkin

1 LNE SOUTCes .l‘.'u*. L¢

l's theorem
issue addressed by
according to Gold

Incompleteness: The s s noring s i the questor

itselt. What is truth. and how

Proof and Paradox ixlnu-nn' Broadly but persua-

i
LaOASIEIN DOoants 1O twWo L--IH}‘L".

Of |(Urt GOd@I chools of thought on the matter,

hose opposition dates to classical an

iquity. On the one side are ranged the
whose out-

aeoras’s dic-
ure of all things
IS never irec or 1s
REVIEWED BY AMIR ALEXANDER human seekers but is I';"ﬂ._|'\-.k|:_-[“.n;_”,h!u'{!{
onditions and beliets ol
bre ader society. W i'|.|] ]
be “true” for vou.
the West may not
['ruth, tor the Sophists
ceessors, 1s never absolute,
relative 1o “Man

tributes of the human condition

he Sophists”  greatest  critic was

Plato. who founded the most influential

school in the history of philosophy on

the re-  the opposite tenet—that truth is real.

wn voung Viennese  eternal, and independent of human

ticed. When Rudolph  conditions. The transient physical real-




%

ity we see around us, he famously ar-  itivists acknowledged, is based on a-pri of the Vienna Circle. listening intenthy

1 | t P [} il 157 109 T e . - | ¥ . | ] 1
.'-'\|~'t'l'L|. is but a pale retlection of the daz Ore assumpuons rathen than on empiri but apparently saving very little. By this

zling beautv and perfection ol eternal  cal evidence. Mathematical statements time, according to Goldstein. Godel was

1114 ||.EH_'_.1,|:\:I'_"\ Lrue [OTIMS. [he wav 1o Cel1] r_!‘.l',‘l,_'['.!-ll' I":[' consudered meanine 1lreadv 4 ._|:|;|'|.i'_i1':I Platonist who tun

1 | | | [l
approach these pure lorms. turther tul. but only in the sense that they log damentally disagreed with the Circle's

: 4 ISay o
I'l R - .- -|.' = Irlli | T3 |I . . 1+ - l — , 1 f || i T | .- 9 - T Fo— - | 1 . |
IT1OTE, IS LINTrOLal) Careiul 1081C:l CalsO0 ICAHY and necessarnly Tolow from the 1ODICA PDOSIUVISE VIeWw s, UOde]l Deneved
inge. of which Geometry provides the assumptions made. Mathematical truths  that mathematics investigated the rel
!"k s exempilan A esseninally L-’-.l.||ﬁ_ SS rest:atementls ol LIONSIPS Ol pre-existing matnematica
i 1 i 1 1 |
'he great divide between the rela the initial assumptions, and do not pos objects such as numbers and sets. Fai
|
- ¥ 3 s v . | 5 ¥ | " p— - - e - | . - | § v | 1
tivist Sophists on the one hand and Pla sess any independent reality in and ol from being a logical svntax, mathemat
e T oy NPT 2008 0. WO, G T T t S PR T . . |
lonists on the other rOLUSIEIN argues, [hemselives 1ICs, Tor Godel, discovers ¢ charactes
1 1 i i % ol - - L i y ]
has persisted to our own day. The old Viathematics, nevertheless, does play 1stics and true relations between ma
s ; . P ' : s b
Sophist outlook now appears in new | Crucia le in logical positivist think ematical objects that exist on the l
||'i '||- (K] tiar | ir1rh ) 1 | i 1 ] ||I 1 | i 1 | '| 1 1ML [ licrg le* 111 r 1
AN SO ISLICOLCCE L7l 1S POSLTOC i1 TOr mathiematcs has the unigue ca Platonic plane I PETIOCTH [
ernism, positivism, and formalism, but  pacity to move correctly and svstemat knowledee or understanding. Never
s T i 1 & "y 1 .l'.' 19 i 1 '] i 1 [ :L' '] n N | 1 iy ] | 1 | 1 1 |
it retains the inderiving dictum vidn ically rrom one set ol statements o theless, he wias so Oreel dbo ~
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1s the measure ol all things.” Platonism another. Mathematcs theretore allows  Platonist behels that his fellow Circle
. I el onresitntiley  fam fo1 g TG £ it ndting . s B e By o -
W HC FAlNClyY dQvOoldicl o XxIHIcIitly.,. Liadd O 1OnNg Clains O Adeaduciions, nmoving mempers nNad no clue thil cre Wads d
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alimpse the potential i matics was meaningless in itselt, and  Goldstein claims, is broadly the view ol

(Odel s announcement wis lescriptive  content ' Godel taken by “postmodernists,”

I+
1

group she dentihies as possessing ex-

reme relatvistic views on the nature ol
.ixl‘|u'x‘x.jk"-]|_'_’a'

Hn_' i‘- |'-:H.E'._'-|i S " I.!l._"xll (8] ['|l.1':'i‘;_
an unnamed postmodernist as
\fer Godel the idea that math
tics was not just a language of God
i\IT'-_:;ll 1 Z2C WE O uld decode to un
derstand the universe and understand
iust doesn’t work any
the great postmodern

live in” (pp

¢ postmodernists,

showed ||I.‘.' ':.!:'L'IL' Cdn De Nno se
ire foundations for knowledge and ra
Al knowledge, for them. is ul
based on the shifting sands of
and human society

Spa les: tor the POSI

v T m tha lesers
maore than 1or ine 1og

s indeed the

AT ; : ’
CoO0ldsIEém 1|7"..'!‘--:|.1"~'.'-.l'l‘-. shows GoOdel's

dismay at having his mcom

1 1 |
AssOCIAled wiltn such

uid have peen |f|1']|]t'l'

nothing more

:"'i.'liL |"“

true paradox

cdicated his life

mathematical

wias ultimately

ipion of Platonism's

‘“"I"|I|~a‘|1'| 'his. she

s also the way

viewed his situation in

his later vears: universally admired, but
profoundly misunderstood.

dstein’s thesis is compellingly ar

as beautitully written. By

s theorem in the context

in ancient philosophical debate, she

persuasively demonstrates the centrality

§
¥

of the incompleteness theorem to Wesi
ern thought: and by pointing out the

nanner in which the theo

ived, she arttully depicts

}|_'4u'l.|_‘_-. of Godel's lite
boldest part of Goldstein's inter-
15”-k'|.1.!._t n. how eVer, 1s her division of the
philosophical tradition into two warring
amps, Platonist and Sophist. And while
s is undoubtedly arguable in many

Spe 1

iC instances. [ also find that it does
capture a fundamental truth about the

Western philosophical tradition

Nevertheless, like manv bold




clear statements. Goldstein's thesis does

show signs of strain when applied to

specitic historical circumstances. In par
ticular, the lumping together of logical
positivism and postmodernism under

the common aegis of “Sophism” is dif-

ficult to accept. Protagoras’s credo,
“Man is the measure of all things.” i1s in
deed an dppropriate dictum ftor the

postmodernist approach. for however

vague the “postmodernist”™ moniker

may be, the difterent strains of thought
that come under its umbrella do share

1
single

a deep suspicion ol a unifving
Truth, accessible through universal sci-
entific rationality. In  postmodernis

thought human history, language, ma

terial conditions, and culture mav all
L'l!_'.,','i.'

1 i 1 i 3 :
Placing the logical POSILVISLS 1N the
! I *
same philosophical camp. however, 1s
For them,

Man.

ODSErvalions

1
Hllrljk'|||||1'_1 O a4  stretch

: ; .1
]-1I‘III‘."~|L'-|_L’.&' depended on Oniy

in the narrow sense that

s 3 H i L= 4 73 . ¥ WElyE
the building blocks of knowledege. were

||||!'L|_|”~\ ,||‘.-1 }i'!';!ll'xl |1‘a

{"l]{lllx'{t'il hn

human attributes

Bevond that point,
the acquisition of knowledge must tol

low the strictly impersonal and inhu

man rules of logic and mathematics

Anv intervention of human tactors into
this process would render it invalid,
and. in tact, “meaningless.” All traces ol
human history, psvchology, practices

- e -
O culture were "Ii'.l.'{_"“|"-. "'."-{_'L'Ll.l._"-'. O

|:'-.. 11|'|q_' |I.._"!| II 1||. ISHTIVISES ]|!1-1,:' LI J_|i_ {11

creating a single unified and impersonal

the

system of knowledge was precisely

POSLITON |{'l'f‘:!‘-i"~ '.'.'.'.Lill‘.i!.l['l.'

|
[t 1s signiticant that more recent phi-

lOst rpln ol science. intluenced ';u post

emphasizes what

human scientists “actually do,”

modernist
over ab
stract logical svstems of knowledge that

claim to capture how science “should

be. Invariably. thev criticize the logical

positivists precisely tor being com

pletely devoid of “humanity” and eager

(8§ "~1;IIH|‘- OLUl anvy I.':III1':.1I1 laint to the

} ; aaiv) . 1 . -
production of knowledge. From theis

perspective at least, “Man is the mea-
sure of all

things”™ could hardly be tur-

ther removed trom the logical positivist
L T'L'L'l._l f
Furthermore, while Goldstein is un
doubtedly correct that many postmod
ernists would indeed subscribe to Pro
that in itsell not

tagoras’s creed. may

imply an implacable opposiiion to the
implications of Godel's theorem as he
understood them. Many postmodernist

thinkers (and I'm using the term in the

-
!

broadest possible sense here), in fact.

have drawn back from the extreme po
sition that viewed all knowledge as a

facet of human relationships. While cet

Lainly no Platonists. thev have embraced
Realism—the notion that science refers

lo preexisting external entities that are

independent of human will or con

'he intractability of a “real

SCLHOLSIICSS

external world allows the postmod

ernists to retain their emphasis on the

socially constructed tacets of knowl

edge, without falling into the trap of ex

treme and implausible relativism. As re

alists, thev can insist that all knowledge

bears the marks of the cultural setting

1

where it was pro duced. without ||1||1|\.

ing that the content of all knowledge is

theretore random—a mere I dluct

- il . Yo ] ¥ -
of social relations. Realism, i

pPOWer

short, allows postmodernist philoso

Man

~without subor

phers to bring back into the con-
struction of knowledge
dinating all knowledge to human
contingencies

Al of

Ernists maay

which is to sav that postmod
!E.JH' !lL'K'H

not Verv far ofl

the mark in their embrace of Godel's

'he tact that mathematical

theorems.

trutins «

an exist independently of math

ematical proofs was in itseli no more

1
stubborn

surprising to them than the

materiahty ol |‘+||‘~. sical objects. Both ac-

corded w t'H

with a realist POSILION,
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knowledee 1o a unified

matical svstem was of the highest im

Bl rtance tor the 8l stmodernists. It PIro

vided the conceptual space tor the

reintroduction of human culture and

b

practices into the production of knowl-

edge. Tragically tor Godel, as Goldstein

shows. no conclusion could have been

& i - . 1 2
more alien to his own views on the na

ture of knowledge

Godel. reactineg to the Vienna Circle’s

positivism and Hilbert's formalism, set
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tence of eternal unchanging truths. The

implications of his success, however

went far bevond his intended goals: for

position. his

along with the positivist |
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possibility of a unified and systematic

logical system of knowledge. This was
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1 man whose faith in

. rony 1or

ad ragic

rational deduction wias soO extreme that

during his U.S. citizenship hearings he

i i a
sougnt to convince the presiding judee

that a logical tlaw in the Constitution
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mav result in liberny

degenerating into

ivranny. lromcallv. the Platonist Godel
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human continegencies. Much to his dis
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may. his incompleteness theorem ull
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drawn from a

Godel

first proved the completeness theo-

Godel's and Skolem's proofs

rem in the form “if a sentence ¢ is
then it has a model.” In

considered languages

not refutable

-.Inil'lgi SO, he
without function symbols or the
equality symbol. The absence of func-
tion symbols is not a serious restric

tion, since functions can be inter
preted in terms of relations. He then
extended the result to infinite sets ol
sentences, by proving what is now
theo

tith

known as the “compactness”
rem; and to first-order logic
equality, essentially using the modem
method of taking a quotient structure

I know of no contemporary texl
book that presents Godel's proof,
which is a shame, since the argument
is elegant and direct. The central idea
first-order

is that any sentence @ is

:.'-1|ui~.‘s||.~:'|1 1o a sentence of the form
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where # is a :1II.!.EI.!‘:I|1iL_'!'-I‘.'UL: formula,
and R, Ry range over relations
on the first-order universe. Saying

that 0 is quantifier-free means that it

is a Boolean expression involving the

variables xy. . . o X ¥ V... the

relation symbols R, , K, and sym-

bols in the language of ¢. This nor-

form used bv Skolem in

11l Wis
1920. Since first-order logic does not
allow relation

quantification over

svmbols. (1) is not tirst-order. But fix

ing K K; and letting ¢" denote
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Godel showed

e ¢ — ¢ is provable in first-order

logic. Thus it ¢ has a countable
model, so does L.
o If ¢ is refutable, then so is ¢
This reduces the task of proving the
completeness theorem to proving it
tor sentences of the form (2).
To carry out this last step, Godel

first expanded the language by

untably intinite domain

SINce a4 sentence 1s e 1in a moael i

adding a countable sequence of new
constant symbols. Let ¢, ¢;. ¢

enumerate both the new constant
symbols and the original constant
symbols in ¢'; in fact, it is these (syn
tactic!) objects that will constitute the
domain of the desired model. In or
cder to satisty (2), Godel enumerated
all ni-tuples of these constants, ¢, €
L-' . . |!F

a sequence of formulas

then recursively defined
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where each & is chosen large enough
sO that the constants Cu... . .. . Ci
are “tresh,” i.e., have not appeared in
Un, .,
NOW

nation of atomic tormulas. that is. for

each ¢, is a Boolean combi

mulas of the form K¢ A IRE 220 |
where R is a relation svmbol and i,

i 1 1s any sequence ol indices
Godel showed that if any of the
are refutable. then, in fact, so is ¢’
On the other hand. it this is not the
case, then by the completeness theo
rem for propositional logic there is a
way of assigning truth values to each
atomic component in any ¢, so that
the formula comes out true. These sat
istving truth assignments can be
arranged into a tree, where the i-th
level of the tree has all the truth as
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signments that satisty ¢, and the de-

scendants of a truth assienment are
simply those in the tree that extend it.
Each level of the tree is hinite, and, by
Enpt thesis, there is at least one as
level. By Konig's

signment at each

lemma, there is an infinite path

1

through this tree: recursively, at each

level i choose any assignment ex
tending the previous with infinitely
many descendants. Now consider the
model whose domain consists of the
constants, where each atomic formula
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if and only if this atomic formula is in-

terpreted as true at the tirst level where
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2 and hence ¢
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tor cach possible instantiation ¢; of the
universal guantifiers in (2) we have

chosen constants ¢ ! . O

witness the existential quantifiers
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orem. The weak version of the
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sequence: il ¢ has a model, then it is
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able model. In tact. if

refutable” by “has a model” in the se«

ond step of Godel's argument, we end
up with, more or less, Skolem’s 1922

proof. Skolem’s 1920 proot differs in

that it uses the axiom of choice but

establishes a stronger result; if M is
any model satistying ¢, there is a
countable submodel ot M satistving ¢

This theorem makes no mention of

provability, and it turns out that in this

case there 1s a more convenient

choice of normal form. Considel

first-order sentence of the form Va 3y
(). It this is true in 2 model, then
for every element ¢ in the domain.
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ting public, and a card trick that
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had 1 not just seen it performed by a
MAg1C1an onlv a "'."'.k'i_"x earlier. Two pPeo-
ple turn up cards one at a time from
two decks of cards and the “trick”™ i1s to
of their

that is. will the two :‘JL'lll?!l';' ever

wait and see if two cards ever

match:

simultaneously turn up exactly the same
card? What is wondertul about this trick

is that knowine the mathematics behind

it—and that there will be a match about

two-thirds of the time—doesn't in the
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least detract from the observer's delight

when a match actually occurs: it really

dOes seem HKEe magu
¥ . 1 | ol |
\S “*'..'-_".'-_'.'u"‘*.i.'l..l by the book’s title. the

authors turn o chaos in the second
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discussion of a given
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so learning that karma is a weather
system far too complex to analyze.)

\s the mathematical story continues
on, into the “all that math jazz™ portion
of the book. the topics do begin to feel
somewhat disconnected: staustics, cryp
tography, orders of magnitude, Fi-
bonacci numbers, fractals, topology, the
fourth dimension, and infinity. But the
reader is having so much fun along the
wav that there is |l.:1'-”‘} tme to notice
\eain. there is much that is tamiliar: in
particular, much of this material has al-
ready appeared in their previous book
I'he Heart of Mathematics: An Invitation
to Effective Thinking, a wonderfully en-
gaging textbook 1 have greatly enjoyed

using in a course introducing students




to mathematical thinking. But, in the
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New and Noteworthy

Introduction to Stochastic
Integration

Hui-Hsiung Kuo, Louisiana State University

The theory of stochastic integration, also called
the Ito calculus, has a large spectrum of
applications in virtually every scientific area
involving random functions. This introductory
textbook on stochastic integration provides a
concise introduction to the Ito calculus, and
covers the constructions of Brownian motion,
stochastic integrals for Brownian motion and
martingales, the Ito formula, multiple Wiener-Ito
integrals, stochastic differential equations, and
applications to finance, filtering theory, and
electric circuits.

2006, Approx. 290 p. 2 illus., (Universitext) Softcover
ISBN 0-387-28720-5 » 549.95

A Course in Calculus and Real
Analysis

Sudhir R. Ghorpade and Balmohan Limaye,
both at the Indian Institute of Technology,
Bombay, India

Real analysis may be regarded as a formidable
counterpart to calculus. It is a subject where one
revisits notions encountered in calculus, but with
greater rigor and sometimes with greater
generality. Here, the authors provide a self-
contained and rigorous introduction to the
calculus of functions of one variable. The
presentation and sequencing of topics empha-
sizes the structural development of calculus. At
the same time, due importance is given to
computational techniques and applications.

2005, Approx. 520 p. 75 illus., (Undergraduate Texts
in Mathematics), Hardcover
ISBN 0-387-30530-0 » Approx. $59.95

Convex Analysis and
Nonlinear Optimization

Jonathan Borwein, Dalhousie University, Halifax,
NS, Canada and Adrian S. Lewis, Comell Univer-
sity, New York

» This book represents a tour de force for intro-
ducing so many topics of present interest in such
a small space and with such clarity and elegance.
» Canadian Mathematical Society Notes (on the
first edition)

> A fascinating interweaving of theory and
applications... » Mathematical Reviews (on the
first edition)

This book provides a concise, accessible account
of convex analysis and its applications and
extensions, for a broad audience. The new
edition adds material on semismooth optimiza-
tion, as well as several new proofs.

2nd ed., 2005, Approx. 330 p., (CMS Books in
Mathematics), Hardcover
ISBN 0-387-29570-4 » $69.95

Field Theory

Steven Roman, University

of California, Irvine

» Written in a clear and explanatory style. It
contains over 235 exercises which provide a chal-
lenge to the reader. The book is recommended for
a graduate course in field theory as well as for
independent study. » MathSciNet (on the first
edition)

This new edition has been completely rewritten
to further enhance the pedagogy and accessi-
bility to graduate students. The exercises have
been improved and a new chapter on ordered
fields has been included.

2nd ed., 2006, Approx. 330 p. 25 illus., (Graduate
Texts in Mathematics, Vol. 158), Hardcover

ISBN 0-387-27677-7 » $59.95
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Notes on Set Theory

Yiannis Moschovakis, University
of California, Los Angeles

» The book is very well written and, thus, an
excellent introductory text on set theory.
» ZentralblattMATH (on the first edition)

The book gives a solid introduction to “pure set
theory” through transfinite recursion and the
construction of the cumulative hierarchy of sets
(including the basic results that have applications
to computer science), but it also attempts to
explain precisely how mathematical objects can
be faithfully modeled within the universe of sets.
In this new edition the author has added
solutions to the exercises, and rearranged and
reworked the text in several places to further
enhance the presentation.

2nd ed., 2005, 284 p. 48 illus., (Under-graduate Texts
in Mathematics) Softcover

ISBN 0-387-28723-X » $49.95

Hardcove:

ISBN 0-387-28722-1 » §79.95

Problems and Theorems
in Classical Set Theory

Peter Komjath, EOtvds Lorand University, Buda-
pest, Hungary, and Vilmos Totik, University of
South Florida

This volume contains a variety of problems from
classical set theory. Many of these problems are
also related to other fields of mathematics,
including algebra, combinatorics, topology and
real analysis. The problems vary in difficulty, and
are organized in such a way that earlier problems
help in the solution of later ones. For many of the
problems, the authors also trace the history of the
problems and then provide proper reference at
the end of the solution.

2006, Approx. 525 p., (Problem Books in Math-
ematics), Hardcover
ISBN 0-387-30293-X » Approx. $59.95
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AMERICAN MATHEMATICAL SOCIETY

September marks the
10th Anniversary of
the AMS Bookstore

The AMS itnvites you to join
us in the celebration!

Specials in all series...

and all subject areas!
Analysis
Number Theory

Algebra and Algebraic Geometry
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1o stay informed about special |I
discounts and all our special offers sign up
at www.ams.org/bookstore-email. AMS BOOKSTORE|

General Interest

|-800-321-4AMS (4267), in the U. S. and Canada, or |1-401-455-4000 (worldwide); fax:|-401-455-4046; email:
cust-serv(@ams.org. American Mathematical Society, 201 Charles Street, Providence, Rl 02904-2294 USA
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